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RÉSUMÉ
En finance, les modèles à variables latentes apparaissent à la fois dans les théories
d'évaluation des actifs financiers et dans l'analyse de séries chronologiques. Ces deux
courants de littérature font appel à deux concepts différents de structures latentes qui
servent tous deux à réduire la dimension d'un modèle statistique de séries temporelles sur
les prix ou les rendements de plusieurs actifs. Dans les modèles CAPM ou APT, où
l'évaluation est fonction de coefficients bêtas, la réduction de dimension est de nature
transversale, tandis que dans les modèles de séries chronologiques espace-état, la
dimension est réduite longitudinalement en supposant l'indépendance conditionnelle entre
les rendements consécutifs, étant donné un petit nombre de variables d'état. Dans ce
texte, nous utilisons le concept de facteur d'actualisation stochastique (SDF) ou noyau de
valorisation comme principe unificateur en vue d'intégrer ces deux concepts de variables
latentes. Les relations de valorisation avec coefficients bêtas reviennent à caractériser les
facteurs comme une base d'un espace vectoriel pour le SDF. Les coefficients du SDF par
rapport aux facteurs sont spécifiés comme des fonctions déterministes de certaines
variables d'état qui résument leur évolution dynamique. Dans ces modèles d'évaluation à
coefficients bêtas, on dit souvent que seul le risque factoriel est compensé puisque le
risque résiduel idiosyncratique est diversifiable. Implicitement, cet argument peut être
interprété comme une structure factorielle transversale conditionnelle, c'est-à-dire une
indépendance conditionnelle entre les rendements contemporains d'un grand nombre
d'actifs, étant donné un petit nombre de facteurs, comme dans l'analyse factorielle
standard. Nous établissons cette analyse unificatrice dans le contexte des modèles
conditionnels d'équilibre à coefficients bêtas de même que dans des modèles d'évaluation
des actifs financiers avec volatilité stochastique, taux d'intérêt stochastiques et autres
variables d'état. Nous adressons la question générale de la spécification économétrique
des modèles dynamiques d'évaluation des actifs financiers qui regroupent la littérature
moderne des modèles à facteurs conditionnellement hétéroscédastiques, ainsi que les
modèles d'équilibre d'évaluation des actifs financiers avec une spécification
intertemporelle des préférences et des processus fondamentaux du marché. Nous
interprétons diverses relations de causalité instantanées entre les variables d'état et les
processus fondamentaux du marché comme des effets de levier et discutons le rôle
central qu'elles jouent dans la validité des modèles de référence tels que le CAPM pour
les actions ou les modèles d'évaluation sans paramètres de préférence pour les options.
Mots clés : facteurs d'actualisation stochastiques, variables latentes, évaluation des
actifs avec coefficients bêtas, modèles à facteurs conditionnels, modèles
d'équilibre d'évaluation des actifs financiers avec variables latentes
ABSTRACT
Latent variable models in finance originate both from asset pricing theory and time
series analysis. These two strands of literature appeal to two different concepts of latent
structures, which are both useful to reduce the dimension of a statistical model specified
for a multivariate time series of asset prices. In the CAPM or APT beta pricing models, the
dimension reduction is cross-sectional in nature, while in time-series state-space models,
dimension is reduced longitudinally by assuming conditional independence between
consecutive returns, given a small number of state variables. In this paper, we use the
concept of Stochastic Discount Factor (SDF) or pricing kernel as a unifying principle to
integrate these two concepts of latent variables. Beta pricing relations amount to
characterize the factors as a basis of a vectorial space for the SDF. The coefficients of the
SDF with respect to the factors are specified as deterministic functions of some state
variables which summarize their dynamics. In beta pricing models, it is often said that only
the factorial risk is compensated since the remaining idiosyncratic risk is diversifiable.
Implicitly, this argument can be interpreted as a conditional cross-sectional factor structure,
that is, a conditional independence between contemporaneous returns of a large number
of assets, given a small number of factors, like in standard Factor Analysis. We provide
this unifying analysis in the context of conditional equilibrium beta pricing as well as asset
pricing with stochastic volatility, stochastic interest rates and other state variables. We
address the general issue of econometric specifications of dynamic asset pricing models,
which cover the modern literature on conditionally heteroskedastic factor models as well
as equilibrium-based asset pricing models with an intertemporal specification of
preferences and market fundamentals. We interpret various instantaneous causality
relationships between state variables and market fundamentals as leverage effects and
discuss their central role relative to the validity of standard CAPM-like stock pricing and
preference-free option pricing.
Keywords : stochastic discount factors, latent variables, conditional beta pricing,
conditional factor models, equilibrium asset pricing models with latent
variables
41 Lqwurgxfwlrq
Odwhqw yduldeoh prghov lq qdqfh kdyh wudglwlrqdoo| ehhq xvhg lq dvvhw sulflqj wkhru| dqg lq
wlph vhulhv dqdo|vlv1 Lq dvvhw sulflqj prghov/ d idfwru vwuxfwxuh lv lpsrvhg wr d froohfwlrq ri dvvhw
uhwxuqv wr ghvfuleh wkhlu mrlqw glvwulexwlrq dw d srlqw lq wlph/ zkloh lq wlph vhulhv/ wkh g|qdplf
ehkdylru ri d vhulhv ri pxowlyduldwh uhwxuqv ghshqgv rq frpprq idfwruv iru zklfk d wlph vhulhv
surfhvv lv dvvxphg1 Lq erwk fdvhv/ wkh ixqgdphqwdo uroh ri idfwruv lv wr uhgxfh wkh qxpehu ri
fruuhodwlrqv ehwzhhq d odujh vhw ri yduldeohv1 Lq wkh uvw fdvh/ wkh glphqvlrq uhgxfwlrq lv furvv0
vhfwlrqdo/ lq wkh vhfrqg orqjlwxglqdo1 Idfwru dqdo|vlv srvwxodwhv wkdw wkhuh h{lvwv d qxpehu ri
xqrevhuyhg frpprq idfwruv ru odwhqw yduldeohv zklfk h{sodlq revhuyhg fruuhodwlrqv1 Wr uhgxfh
glphqvlrq/ d frqglwlrqdo lqghshqghqfh lv dvvxphg ehwzhhq wkh revhuyhg yduldeohv jlyhq wkh
frpprq idfwruv1
Duelwudjh sulflqj wkhru| +DSW, lv wkh vwdqgdug qdqfldo prgho zkhuh uhwxuqv ri dq lqqlwh
vhtxhqfh ri ulvn| dvvhwv zlwk d srvlwlyh ghqlwh yduldqfh0fryduldqfh pdwul{ duh dvvxphg wr
ghshqg olqhduo| rq d vhw ri frpprq idfwruv dqg rq lglrv|qfudwlf uhvlgxdov1 Vwdwlvwlfdoo|/ wkh
uhwxuqv duh pxwxdoo| lqghshqghqw jlyhq wkh idfwruv1 Hfrqrplfdoo|/ wkh lglrv|qfudwlf ulvn fdq
eh glyhuvlhg dzd| wr duulyh dw dq dssur{lpdwh olqhdu ehwd sulflqj= wkh h{shfwhg uhwxuq ri d
ulvn| dvvhw lq h{fhvv ri d ulvn0iuhh dvvhw lv htxdo wr wkh vfdodu surgxfw ri wkh yhfwru ri dvvhw
ulvnv/ dv phdvxuhg e| wkh idfwru ehwdv/ zlwk wkh fruuhvsrqglqj yhfwru ri sulfhv iru wkh ulvn
idfwruv1
Wkh odwhqw JDUFK idfwru prgho ri Glherog dqg Qhuoryh +4<;<, ehvw looxvwudwhv wkh w|sh ri
wlph vhulhv prghov xvhg wr fkdudfwhul}h wkh g|qdplf ehkdylru ri d vhw ri qdqfldo uhwxuqv1 Doo
uhwxuqv duh dvvxphg wr ghshqg rq d frpprq odwhqw idfwru dqg rq qrlvh1 D orqjlwxglqdo glphq0
vlrq uhgxfwlrq lv dfklhyhg e| dvvxplqj wkdw wkh idfwru fdswxuhv dqg vxevxphv wkh g|qdplf
ehkdylru ri uhwxuqv41 Wkh lpsrvhg vwdwlvwlfdo vwuxfwxuh lv d frqglwlrqdo devhqfh ri fruuhodwlrq
ehwzhhq wkh idfwru dqg wkh qrlvh whupv jlyhq wkh zkroh sdvw ri wkh idfwru dqg wkh qrlvh/ zkloh
wkh frqglwlrqdo yduldqfh ri wkh idfwru iroorzv d JDUFK vwuxfwxuh1 Wklv dxwruhjuhvvlyh frqgl0
wlrqdo yduldqfh vwuxfwxuh lv lpsruwdqw iru qdqfldo dssolfdwlrqv vxfk dv sruwirolr doorfdwlrqv ru
ydoxh0dw0ulvn fdofxodwlrqv1
Lq wklv sdshu/ zh dlp dw surylglqj d xqli|lqj dqdo|vlv ri wkhvh wzr vwudqgv ri olwhudwxuh
wkurxjk wkh frqfhsw ri vwrfkdvwlf glvfrxqw idfwru +VGI,1 Wkh VGI +6|n/ dovr fdoohg sulflqj
nhuqho/ glvfrxqwv ixwxuh sd|rv R|n wr ghwhuplqh wkh fxuuhqw sulfh Z| ri dvvhwv=
Z| ' .d6|nR|nma|oc +414,
frqglwlrqdoo| wr wkh lqirupdwlrq vhw dw wlph w/ a| Zh vxppdul}h lq Vhfwlrq 5 wkh pdwkhpdwlfv
4D furvv0vhfwlrqdo glphqvlrq uhgxfwlrq lv dovr dfklhyhg li wkh yduldqfh0fryduldqfh pdwul{ ri uhvlgxdov lv
dvvxphg wr eh gldjrqdo1
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ri wkh VGI lq d frqglwlrqdo vhwwlqj dffruglqj wr Kdqvhq dqg Ulfkdug +4<;:,1 Sudfwlfdo lp0
sohphqwdwlrq ri dq dvvhw sulflqj irupxod olnh +414, uhtxluhv d vwdwlvwlfdo prgho wr fkdudfwhul}h
wkh mrlqw suredelolw| glvwulexwlrq ri +6|nc R|n jlyhq a| Zh vshfli| lq Vhfwlrq 6 d g|qdplf
vwdwlvwlfdo iudphzrun wr frqglwlrq wkh glvfrxqwhg sd|rv rq d yhfwru ri vwdwh yduldeohv1 Dv0
vxpswlrqv duh pdgh rq wkh mrlqw suredelolw| glvwulexwlrq ri wkh VGI/ dvvhw sd|rv dqg vwdwh
yduldeohv wr surylgh d vwdwh0vsdfh prgholqj iudphzrun zklfk h{whqgv vwdqgdug prghov1
Ehwd sulflqj uhodwlrqv dprxqw wr fkdudfwhul}h d yhfwru vsdfh edvlv iru wkh VGI wkurxjk
d olplwhg qxpehu ri idfwruv1 Wkh frh!flhqwv ri wkh VGI zlwk uhvshfw wr wkh idfwruv duh
vshflhg dv ghwhuplqlvwlf ixqfwlrqv ri wkh vwdwh yduldeohv1 Idfwru Dqdo|vlv dqg ehwd sulflqj
zlwk frqglwlrqlqj rq vwdwh yduldeohv duh uhylhzhg lq Vhfwlrq 71
Lq g|qdplf dvvhw sulflqj prghov/ rqh fdq glvwlqjxlvk ehwzhhq uhgxfhg0irup wlph0vhulhv
prghov vxfk dv frqglwlrqdoo| khwhurvnhgdvwlf idfwru prghov dqg dvvhw sulflqj prghov edvhg
rq htxloleulxp1 Zh sursrvh lq Vhfwlrq 8 dq lqwhuwhpsrudo dvvhw sulflqj prgho edvhg rq d
frqglwlrqlqj rq vwdwh yduldeohv zklfk lqfoxghv dv d sduwlfxodu fdvh vwrfkdvwlf yrodwlolw| prghov1
Lq wklv uhvshfw/ zh vwuhvv wkh lpsruwdqfh ri wlplqj lq frqglwlrqlqj wr jhqhudwh lqvwdqwdqhrxv
fruuhodwlrq hhfwv fdoohg ohyhudjh hhfwv dqg vkrz krz lw dhfwv wkh sulflqj ri vwrfnv/ erqgv
dqg Hxurshdq rswlrqv1 Zh pdnh suhflvh krz wklv jhqhudo prgho zlwk odwhqw yduldeohv uhodwhv
wr vwdqgdug prghov vxfk dv FDSP iru vwrfnv dqg Eodfn dqg Vfkrohv +4<:6, ru Kxoo dqg Zklwh
+4<;:, iru rswlrqv1
51 Vwrfkdvwlf glvfrxqw idfwruv dqg frqglwlrqlqj lqirupdwlrq
Vlqfh Kduulvrq dqg Nuhsv +4<:<, dqg Fkdpehuodlq dqg Urwkvfklog +4<;6,/ lw lv zhoo0nqrzq wkdw/
zkhq dvvhw pdunhwv duh iulfwlrqohvv/ sruwirolr sulfhv fdq eh fkdudfwhul}hg dv d olqhdu ydoxdwlrq
ixqfwlrqdo wkdw dvvljqv sulfhv wr wkh sruwirolr sd|rv1 Kdqvhq dqg Ulfkdug +4<;:, dqdo|}h
dvvhw sulflqj ixqfwlrqv lq wkh suhvhqfh ri frqglwlrqlqj lqirupdwlrq1 Wkhlu pdlq frqwulexwlrq
lv wr vkrz wkdw wkhvh sulflqj ixqfwlrqv fdq eh uhsuhvhqwhg xvlqj udqgrp yduldeohv lqfoxghg lq
wkh froohfwlrq ri sd|rv iurp sruwirolrv1 Lq wklv vhfwlrq zh vxppdul}h wkh pdwkhpdwlfv ri d
vwrfkdvwlf glvfrxqw idfwru lq d frqglwlrqdo vhwwlqj iroorzlqj Kdqvhq dqg Ulfkdug +4<;:,1 Zh
irfxv rq rqh0shulrg vhfxulwlhv dv lq wkhlu ruljlqdo dqdo|vlv1 Lq wkh qh{w vhfwlrq/ zh zloo surylgh
dq h{whqghg iudphzrun zlwk vwdwh yduldeohv wr dffrpprgdwh pxowl0shulrg vhfxulwlhv1
Zh vwduw zlwk d suredelolw| vsdfh ElcDc   Zh ghqrwh wkh frqglwlrqlqj lqirupdwlrq dv
wkh lqirupdwlrq dydlodeoh wr hfrqrplf djhqwv dw gdwh w e| a|c d vxevljpd dojheud ri D Djhqwv
irup sruwirolrv ri dvvhwv edvhg rq wklv lqirupdwlrq/ zklfk lqfoxghv lq sduwlfxodu wkh sulfhv ri
wkhvh dvvhwv1 D rqh0shulrg vhfxulw| sxufkdvhg dw wlph | kdv d sd|r R dw wlph E|n Iru vxfk
vhfxulwlhv/ dq dvvhw sulflqj prgho Z|E ghqhv iru wkh hohphqwv s ri d vhw |n  a|n ri sd|rv
d sulfh Z|ER 5 a| Wkh sd|r vsdfh lqfoxghv wkh sd|rv ri sulplwlyh dvvhwv/ exw lqyhvwruv fdq
5
dovr fuhdwh qhz sd|rv e| iruplqj sruwirolrv1
Dvvxpswlrq 514= +Sruwirolr irupdwlrq,
Rc R2 5 |n ', R n 2R2 5 |n iru dq| yduldeohv c 2 5 a|
Vlqfh zh dozd|v pdlqwdlq d qlwh0yduldqfh dvvxpswlrq iru dvvhw sd|rv/ |n lv/ e| yluwxh
ri Dvvxpswlrq 514/ d suh0Kloehuwldq yhfwruldo vsdfh lqfoxghg lq=
n
|n ' iR 5 a|n(.dR
2ma|o 	 n4j
zklfk lv hqgrzhg zlwk wkh frqglwlrqdo vfdodu surgxfw=
	 Rc R2 :a|' .dRR2ma|o +514,
Wkh sulflqj ixqfwlrqdo Z|E lv dvvxphg wr eh olqhdu rq wkh yhfwruldo vsdfh |n ri sd|rv>
wklv lv edvlfdoo| wkh vwdqgdug odz ri rqh sulfh dvvxpswlrq/ wkdw lv d yhu| zhdn yhuvlrq ri d
frqglwlrq ri qr0duelwudjh1
Dvvxpswlrq 515= +Odz ri rqh sulfh,
Iru dq| R dqg R2 lq |n dqg dq| c 2 5 a| G
ZER n 2R2 ' ZER n 2ZER2
Wkh Kloehuwldq vwuxfwxuh +514, zloo eh xvhg iru ruwkrjrqdo surmhfwlrqv rq wkh vhw |n ri dg0
plvvleoh sd|rv erwk lq wkh surri ri wkhruhp 514 ehorz +d frqglwlrqdo yhuvlrq ri wkh Ulhv}
uhsuhvhqwdwlrq wkhruhp, dqg lq vhfwlrq 71 Ri frxuvh/ wklv lpsolhv wkdw zh pdlqwdlq dq dvvxps0
wlrq ri forvhgqhvv iru |n1 Lqghhg/ Dvvxpswlrq 515 fdq eh h{whqghg wr dq lqqlwh vhulhv ri
sd|rv wr hqvxuh qrw rqo| d surshuw| ri forvhgqhvv iru |n exw dovr d frqwlqxlw| surshuw| iru
Z|E rq |n zlwk dssursuldwh qrwlrqv ri frqyhujhqfh iru erwk sulfhv dqg sd|rv1 Zlwk wkhvh
dvvxpswlrqv dqg d whfkqlfdo frqglwlrq hqvxulqj wkh h{lvwhqfh ri d sd|r zlwk qrq0}hur sulfh
wr uxoh rxw wulyldo sulflqj ixqfwlrqv/ rqh fdq vwdwh wkh ixqgdphqwdo wkhruhp ri Kdqvhq dqg
Ulfkdug +4<;:,/ zklfk lv d frqglwlrqdo h{whqvlrq ri wkh Ulhv} uhsuhvhqwdwlrq wkhruhp1
Wkhruhp 5141 =Wkhuh h{lvwv d xqltxh sd|r RW lq |n wkdw vdwlvhv=
+l, Z|ER ' .dRWRma|o iru doo R lq |n(
+ll,  d.dRW2ma|o : fo ' 
Lq rwkhu zrugv/ wkh sduwlfxodu sd|r zklfk lv xvhg wr fkdudfwhul}h dq| dvvhw sulfh lv doprvw
vxuho| qrq0}hur1 Zlwk dq dgglwlrqdo qrq0duelwudjh frqglwlrq/ lw fdq eh vkrzq wr eh doprvw
vxuho| srvlwlyh1
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61 Frqglwlrqlqj wkh glvfrxqwhg sd|rv rq vwdwh yduldeohv
Zh mxvw vwdwhg wkdw/ jlyhq wkh odz ri rqh sulfh/ d sulflqj ixqfwlrq Z|E iru d frqglwlrqdo olqhdu
vsdfh |n ri sd|rv fdq eh uhsuhvhqwhg e| d sduwlfxodu sd|r RW vxfk wkdw frqglwlrq +l, ri
wkhruhp 514 lv ixooohg1 Lq wklv vhfwlrq/ zh gr qrw irfxv rq wkh lqwhusuhwdwlrq ri wkh vwrfkdvwlf
glvfrxqw idfwru dv d sduwlfxodu sd|r1 Lqvwhdg/ zh frqvlghu d wlph vhulhv +6|n|D ri dgplvvleoh
VGIv ru sulflqj nhuqhov/ zklfk phdqv wkdw/ dw hdfk gdwh w/6|n ehorqjv wr wkh vhwP|n ghqhg
dv=
P|n ' i6|n 5 
n
|n(Z|ER|n ' .|d6|nR|nma|oc ;R|n 5 |nj +614,
Iru d jlyhq dvvhw/ zh zloo zulwh wkh dvvhw sulflqj irupxod dv=
Z| ' .d6|nR|nma|o +615,
Iru wkh lpsohphqwdwlrq ri vxfk d sulflqj irupxod/ zh qhhg wr prgho wkh mrlqw suredelolw|
glvwulexwlrq ri E6|nc R|n jlyhq a| Wr gr wklv/ zh zloo vwuhvv wkh xvhixoqhvv ri idfwruv dqg
vwdwh yduldeohv1 Zh zloo vxssrvh zlwkrxw orvv ri jhqhudolw|5 wkdw wkh ixwxuh sd|r lv wkh ixwxuh
sulfh ri wkh dvvhw lwvhoi Z|n Wkh sureohp lv wkhuhiruh wr qg wkh sulflqj ixqfwlrq )|Ea| vxfk
wkdw=
)|Ea| ' .d6|n)|Ea|nma|o +616,
Erwk idfwruv dqg vwdwh yduldeohv duh xvhixo wr uhgxfh wkh glphqvlrq ri wkh sureohp wr eh
vroyhg lq +616,1 Wr vhh wklv/ rqh fdq ghfrpsrvh wkh lqirupdwlrq a| lqwr wkuhh w|shv ri yduldeohv1
Iluvw/ rqh fdq lqfoxgh dvvhw0vshflf yduldeohv ghqrwhg t|/ zklfk vkrxog frqwdlq dw ohdvw wkh sulfh
Z| Glylghqgv dv zhoo dv rwkhu yduldeohv zklfk pd| khos fkdudfwhul}h 6|n frxog eh lqfoxghg
zlwkrxw uhdoo| frpsolfdwlqj pdwwhuv1 Vhfrqg/ wkh lqirupdwlrq zloo frqwdlq d yhfwruldo surfhvv 8|
ri idfwruv1 Vxfk idfwruv frxog eh vxjjhvwhg e| hfrqrplf wkhru| ru fkrvhq sxuho| rq vwdwlvwlfdo
jurxqgv1 Iru h{dpsoh/ lq htxloleulxp prghov/ d idfwru frxog eh wkh frqvxpswlrq jurzwk
surfhvv1 Lq idfwru prghov/ wkh| frxog eh revhuydeoh pdfurhfrqrplf lqglfdwruv ru odwhqw idfwruv
wr eh h{wudfwhg iurp d xqlyhuvh ri dvvhw uhwxuqv1 Lq erwk fdvhv wkhvh yduldeohv duh ylhzhg dv
h{sodqdwru| idfwruv/ srvvleo| odwhqw/ ri wkh froohfwlrq ri dvvhw sulfhv dw wlph w1 Wkh sxusrvh ri
wkhvh idfwruv lv wr uhgxfh wkh furvv0vhfwlrqdo glphqvlrq ri wkh froohfwlrq ri dvvhwv1 Wklug/ lw lv
zruwkzkloh wr lqwurgxfh d yhfwruldo surfhvv L| ri h{rjhqrxv vwdwh yduldeohv lq rughu wr dfklhyh
d orqjlwxglqdo uhgxfwlrq ri glphqvlrq1
5Dv xvxdo/ li wkhuh duh glylghqgv ru rwkhu fdvk rzv/ wkh| pd| eh lqfoxghg lq wkh sulfh e| d frqyhqlhqw
glvfrxqwhg vxp1 Zh zloo dedqgrq wklv frqyhqlhqw h{srvlwlrqdo vkruwfxw zkhq zh zloo uhihu wr pruh vshflf
dvvhwv lq vxevhtxhqw vhfwlrqv1
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Wzr dvvxpswlrqv duh pdgh derxw wkh frqglwlrqdo suredelolw| glvwulexwlrq ri Et|c 8|$|$A
nqrzlqj LA ' EL|$|$A +iru dq| A wxsohw | ' c c A ri gdwhv ri lqwhuhvw, wr vxssruw wkh
fodlp wkdw wkh surfhvvhv pdnlqj xs L| vxppdul}h wkh g|qdplfv ri wkh surfhvvhv Et|c 8| Iluvw
zh dvvxph wkdw wkh vwdwh yduldeohv vxevxph doo whpsrudo olqnv ehwzhhq wkh yduldeohv ri lqwhuhvw1
Dvvxpswlrq 6141= Wkh sdluv Et|c 8|$|$A c | ' c c A duh pxwxdoo| lqghshqghqw nqrzlqj
LA ' EL|$|$A 1
Dffruglqj wr wkh vwdqgdug odwhqw idfwru dqdo|vlv whuplqrorj|/ Dvvxpswlrq 6141 phdqv wkdw
wkh WK yduldeohv L| 5 UM c | ' c c A surylgh d frpsohwh v|vwhp ri idfwruv wr dffrxqw iru wkh
uhodwlrqvklsv ehwzhhq wkh yduldeohv Et|c 8|$|$A +vhh iru h{dpsoh Eduwkrorphz +4<;:,/ s1 8,1
Lq wkh ruljlqdo odwhqw yduldeoh prgholqj ri Exuw +4<74, dqg Vshdupdq +4<5:, lq wkh hduo| sduw ri
wkh fhqwxu| wr vwxg| kxpdq lqwhooljhqfh/ t| uhsuhvhqwhg dq lqglylgxdo*v vfruh wr wkh whvw qxpehu
| ri phqwdo delolw|1 Wkh edvlf lghd zdv wkdw lqglylgxdo vfruhv dw ydulrxv whvwv zloo ehfrph
lqghshqghqw +zlwk uhshdwhg revhuydwlrqv rq vhyhudo kxpdq vxemhfwv, jlyhq d odwhqw idfwru fdoohg
jhqhudo lqwhooljhqfh1 Lq rxu prgholqj/ | ghqrwhv d gdwh1 Zkhq/ zlwk rqo| rqh revhuydwlrq ri
wkh sdwk ri Et|c 8|c | ' c c A / zh dvvxph wkdw wkhvh yduldeohv ehfrph lqghshqghqw jlyhq
vrph odwhqw vwdwh yduldeohv/ lw lv fohdu wkdw zh dovr kdyh lq plqg d vwdqgdug whpsrudo vwuxfwxuh
zklfk surylghv dq hpslulfdo frqwhqw wr wklv dvvxpswlrq1 D plqlpdo vwuxfwxuh wr lpsrvh lv wkh
qdwxudo dvvxpswlrq wkdw rqo| sdvw dqg suhvhqw ydoxhv L c  ' c 2c c | ri wkh vwdwh yduldeohv
pdwwhu iru fkdudfwhul}lqj wkh suredelolw| glvwulexwlrq ri Et|c 8|
Dvvxpswlrq 6151= Wkh frqglwlrqdo suredelolw| glvwulexwlrq ri Et|c 8| jlyhq LA ' EL|$|$A
frlqflghv/ iru dq| | ' c c Ac zlwk wkh frqglwlrqdo suredelolw| glvwulexwlrq jlyhq L | '
EL $$|
Dvvxpswlrq 6151 lv wkh iroorzlqj frqglwlrqdo lqghshqghqfh6 surshuw| dvvxpswlrq=
Et|c 8|tEL
A
|nmEL
|
 +617,
iru dq| | ' c c A
Surshuw| +617, frlqflghv zlwk wkh ghqlwlrq ri qrq0fdxvdolw| e| Vlpv +4<:5, lqvridu dv
Dvvxpswlrq 6141 lv pdlqwdlqhg dqg phdqv wkdw Etc 8  gr qrw fdxvh L lq wkh vhqvh ri Vlpv71 Li
6Vhh Ioruhqv/ Prxfkduw dqg Uroolq +4<<3, iru d v|vwhpdwlf vwxg| ri wkh frqfhsw ri frqglwlrqdo lqghshqghqfh
dqg Ioruhqv dqg Prxfkduw +4<;5, iru lwv uhodwlrq zlwk qrq0fdxvdolw|1
7Wklv qrq0fdxvdolw| frqfhsw lv htxlydohqw wr wkh qrq0fdxvdolw| qrwlrq ghyhorshg e| Judqjhu +4<9<,1 Dvvxps0
wlrq 6151 fdq eh htxlydohqwo| uhsodfhg e| dq dvvxpswlrq vwdwlqj wkdw wkh vwdwh yduldeohv X fdq eh rswlpdoo|
iruhfdvwhg iurp wkhlu rzq sdvw/ zlwk wkh nqrzohgjh ri sdvw ydoxhv ri rwkhu yduldeohv ehlqj xvhohvv +vhh Uhqdxow
+4<<<,,1
8
zh duh uhdg| wr dvvxph wkdw wkh mrlqw suredelolw| glvwulexwlrq ri doo wkh yduldeohv ri lqwhuhvw lv
ghqhg e| d ghqvlw| ixqfwlrq / dvvxpswlrqv 6141 dqg 6151 duh vxppdul}hg e|=
dEt|c 8|$|$A mL
A
 o '
A\
|'
dEt|c 8|mL
|
o +618,
Wkh iudphzrun ghqhg e| +618, lv yhu| jhqhudo iru vwdwh0vsdfh prgholqj dqg h{whqgv vxfk
vwdqgdug prghov dv sdudphwhu gulyhq prghov ghvfulehg lq Fr{ +4<;4,/ vwrfkdvwlf yrodwlolw|
prghov dv zhoo dv wkh vwdwh0vsdfh wlph vhulhv prghov +vhh Kduyh| +4<;<,,1 Rxu yhfwru L|
ri vwdwh yduldeohv fdq dovr eh vhhq dv d klgghq Pdunry fkdlq/ d srsxodu wrro lq qrqolqhdu
hfrqrphwulfv wr prgho uhjlph vzlwfkhv lqwurgxfhg e| Kdplowrq +4<;<,1
Wkh phulw ri dvvxpswlrqv 6141 dqg 6151 iru dvvhw sulflqj lv wr vxppdul}h wkh uhohydqw
frqglwlrqlqj lqirupdwlrq e| wkh vhw L | ri fxuuhqw dqg sdvw ydoxhv ri wkh vwdwh yduldeohv1
dEt|nc 8|nc L|nmEt c 8$$|L
|
o ' dEt|nc 8|nc L|nmL
|
o +619,
Lq sudfwlfh/ wr pdnh +619, xvhixo/ rqh zrxog olnh wr olplw wkh uhohydqw sdvw e| d krprjhqhrxv
Pdunryldqlw| dvvxpswlrq1
Dvvxpswlrq 6161= Wkh frqglwlrqdo suredelolw| glvwulexwlrq ri Et|nc 8|nc L|n jlyhq L |
frlqflghv/ iru dq| | ' c c Ac zlwk wkh frqglwlrqdo suredelolw| glvwulexwlrq jlyhq L|
Pruhryhu/ wklv suredelolw| glvwulexwlrq grhv qrw ghshqg rq |
Wklv dvvxpswlrq lpsolhv wkdw wkh pxowlyduldwh surfhvv L| lv krprjhqhrxv Pdunryldq ri
rughu rqh81
Jlyhq wkhvh dvvxpswlrqv/ zh duh doorzhg wr frqfoxgh wkdw wkh sulflqj ixqfwlrq/ dv fkdudf0
whul}hg e| +616,/ zloo lqyroyh wkh frqglwlrqlqj lqirupdwlrq rqo| wkurxjk wkh fxuuhqw ydoxh L| ri
wkh vwdwh yduldeohv1 Lqghhg/ +619, fdq eh uhzulwwhq=
dEt|nc 8|nc L|nmEt c 8$$|L
|
o ' dEt|nc 8|nc L|nmL|o +61:,
Zh kdyh vhhq krz wkh glphqvlrq uhgxfwlrq lv dfklhyhg lq wkh orqjlwxglqdo gluhfwlrq1 Wr
duulyh dw d vlplodu uhgxfwlrq lq wkh furvv0vhfwlrqdo gluhfwlrq/ rqh qhhgv wr dgg dq dvvxpswlrq
derxw wkh glphqvlrq ri wkh udqjh ri 6|nc jlyhq wkh vwdwh yduldeohv L| Zh dvvxph wkdw wklv
udqjh lv vsdqqhg e| N idfwruv/ 8&|nc& ' c cg jlyhq dv frpsrqhqwv ri wkh surfhvv 8|n
8Dv xvxdo/ vlqfh wkh glphqvlrq ri wkh pxowlyduldwh surfhvv Xw lv qrw olplwhg d sulrul/ wkh dvvxpswlrq ri
Pdunryldqlw| ri rughu rqh lv qrw uhvwulfwlyh zlwk uhvshfw wr kljkhu rughu Pdunry surfhvvhv1 Iru euhylw|/ zh zloo
khuhdiwhu whup Dvvxpswlrq 616 wkh dvvxpswlrq ri Pdunryldqlw| ri wkh surfhvv Xw=
9
Dvvxpswlrq 6171= +VGI vsdqqlqj,
6|n lv d ghwhuplqlvwlf ixqfwlrq ri wkh yduldeohv L| dqg 8|n
Wklv dvvxpswlrq lv qrw dv uhvwulfwlyh dv lw pljkw dsshdu vlqfh lw fdq eh pdlqwdlqhg zkhq
wkhuh h{lvwv dq dgplvvleoh VGI6|n zlwk dq xqv|vwhpdwlf sduw 0|n ' 6|n.d6|nm8|nc L|o
wkdw lv xqfruuhodwhg/ jlyhq L|c zlwk dq| ihdvleoh sd|r R|n 5 |n Dfwxdoo|/ lq wklv fdvh/e6|n ' .d6|nm8|nc L|o lv dqrwkhu dgplvvleoh VGI vlqfh .d6|nR|nmL|o ' .de6|nR|nmL|o iru
dq| R|n 5 |n dqg e6|n lv e| ghqlwlrq frqirupdeoh wr Dvvxpswlrq 6171
Lq vhfwlrq 7 ehorz/ zh zloo frqvlghu d olqhdu VGI vsdqqlqj/ hyhq li Dvvxpswlrq 617 doorzv
iru pruh jhqhudo idfwru vwuxfwxuhv vxfk dv orj0olqhdu idfwru prghov ri lqwhuhvw udwhv lq Gx!h
dqg Ndq +4<<9, dqg Gdl dqg Vlqjohwrq +4<<<, ru qrqolqhdu DSW +vhh Edqvdo hw do1/ 4<<6,1
Wkh olqhdu ehqfkpdun lv ri lqwhuhvw zkhq/ iru vwdwlvwlfdo ru hfrqrplf uhdvrqv/ lw dsshduv xvhixo
wr fkdudfwhul}h wkh VGI dv dq hohphqw ri d sduwlfxodu N0glphqvlrqdo yhfwru vsdfh/ srvvleo|
wlph0ydu|lqj wkurxjk vwdwh yduldeohv1 Wklv lv lq frqwudvw zlwk qrqolqhdu idfwru sulflqj zkhuh
vwuxfwxudo dvvxpswlrqv pdnh d olqhdu uhsuhvhqwdwlrq luuhohydqw iru vwuxfwxudo lqwhusuhwdwlrqv/
hyhq wkrxjk lw zrxog uhpdlq pdwkhpdwlfdoo| fruuhfw91 Wkh olqhdu fdvh lv ri frxuvh uhohydqw
zkhq wkh dvvhw sulflqj prgho lv edvhg rq d olqhdu idfwru prgho iru dvvhw uhwxuqv dv lq Urvv
+4<:9, dv zh zloo vhh lq wkh qh{w vhfwlrq1
71 D!qh Uhjuhvvlrq ri Sd|rv rq Idfwruv zlwk Frqglwlrqlqj rq Vwdwh Yduldeohv
Wkh orqjlwxglqdo uhgxfwlrq ri glphqvlrq wkurxjk vwdwh yduldeohv sxw iruzdug lq vhfwlrq 6 zloo eh
xvhg mrlqwo| zlwk wkh furvv0vhfwlrqdo uhgxfwlrq ri glphqvlrq wkurxjk idfwruv lq wkh frqwh{w ri d
frqglwlrqdo d!qh uhjuhvvlrq ri sd|rv ru uhwxuqv rq idfwruv1 Pruh suhflvho|/ wkh idfwru ordglqjv/
zklfk duh wkh uhjuhvvlrq frh!flhqwv rq idfwruv dqg zklfk duh riwhq fdoohg ehwd frh!flhqwv/
zloo eh frqvlghuhg iurp d frqglwlrqdo ylhzsrlqw/ zkhuh wkh frqglwlrqlqj lqirupdwlrq vhw zloo
eh vxppdul}hg e| vwdwh yduldeohv jlyhq +61:,1 Zh zloo uvw lqwurgxfh wkh frqglwlrqdo ehwd
frh!flhqwv dqg wkh fruuhvsrqglqj frqglwlrqdo ehwd sulflqj irupxodv1 Zh zloo wkhq uhylvlw wkh
vwdqgdug dvvhw sulflqj wkhru| zklfk xqghuslqv wkhvh frqglwlrqdo ehwd sulflqj irupxodv/ qdpho|
wkh duelwudjh sulflqj wkhru| ri Urvv +4<:9, vwdwhg lq d frqglwlrqdo idfwru dqdo|vlv vhwwlqj1
7141 Frqglwlrqdo Ehwd Frh!flhqwv
Zh uvw lqwurgxfh frqglwlrqdo ehwd frh!flhqwv iru sd|rv/ wkhq iru uhwxuqv1
9Zh zloo vhh lq sduwlfxodu lq Vhfwlrq 8 wkdw d orj0olqhdu vhwwlqj dsshduv mxvwlhg e| d qdwxudo orj0qrupdo
prgho ri uhwxuqv jlyhq vwdwh yduldeohv1
:
Ghqlwlrq 7141 = Wkh frqglwlrqdo d!qh uhjuhvvlrq .u|d|nm8|no ri d sd|r R|n rq wkh
yhfwru 8|n ri idfwruv jlyhq wkh lqirupdwlrq a| lv ghqhg e|=
.u|dR|nm8|no ' qf| n
gS
&'
q&|8&|n +714,
zlwk= 0|n ' R|n  .u|dR|nm8|no vdwlvi|lqj= .d0|nma|o ' fc Jd0|nc 8|nma|o ' f
Vlploduo|/ li zh ghqrwh e| o|n '
R|n
Z|ER|n
wkh uhwxuq ri dq dvvhw zlwk d sd|r: R|nc zh ghqh
wkh frqglwlrqdo d!qh uhjuhvvlrq ri wkh uhwxuq o|n rq 8|n e|=
.u|do|nm8|no ' q
o
f| n
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&'
qo&|8&|n +715,
Ri frxuvh/ wkh ehwd frh!flhqwv ri uhwxuqv fdq eh uhodwhg wr wkh ehwd frh!flhqwv ri sd|rv
e|=
qo&| '
q&|
Z|ER|n
sJo & ' fc c 2c cg +716,
Pruhryhu/ wkh fkdudfwhul}dwlrq ri frqglwlrqdo suredelolw| glvwulexwlrqv lq whupv ri uhwxuqv
lqvwhdg ri sd|rv pdnhv pruh h{solflw wkh uroh ri vwdwh yduldeohv1 Wr vhh wklv/ ohw xv ghvfuleh
sd|rv dw wlph |n  iurp wkh sulfh dw wkh vdph gdwh dqg d glylghqg surfhvv e|;=
R|n ' Z|n n(|n +717,
Iroorzlqj Dvvxpswlrq 614/ zh zloo dvvxph wkdw wkh udwhv ri jurzwk ri glylghqgv< duh
dvvhw0vshflf yduldeohv t| dqg vhuldoo| xqfruuhodwhg jlyhq vwdwh yduldeohv1 Lq rwkhu zrugv/
t| '
(|
(|3
cw@4/5/111/W/ duh pxwxdoo| lqghshqghqw jlyhq LA  Pruhryhu/ Z|n lq +717, kdv wr
eh lqwhusuhwhg dv wkh sulfh dw wlph +w.4, ri wkh vdph dvvhw zlwk sulfh Z| dw wlph w ghqhg iurp
wkh sulflqj ixqfwlrqdo +616,1 Lq rwkhu zrugv/ wkh sulflqj htxdwlrq +616, fdq eh uhzulwwhq=
)|Ea|
(|
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n ma|o +718,
:Vwulfwo| vshdnlqj/ wkh uhwxuq lv qrw ghqhg iru vwdwhv ri qdwxuh zkhuh w+sw.4, @ 3= Wklv pd| frpsolfdwh
wkh vwdwhphqw ri fkdudfwhul}dwlrq ri wkh VGI lq whupv ri h{shfwhg uhwxuqv dv lq wkh pdlq wkhruhp +wkhruhp
714, ri wklv vhfwlrq1 Krzhyhu/ wklv whfkqlfdo gl!fxow| pd| eh vroyhg e| frqvlghulqj sruwirolrv zklfk frqwdlq d
sduwlfxodu dvvhw zlwk qrq0}hur sulfh lq dq| vwdwh ri qdwxuh1 Wklv whfkqlfdo frqglwlrq hqvxulqj wkh h{lvwhqfh ri
vxfk d sd|r zlwk qrq0}hur sulfh kdv douhdg| ehhq phqwlrqhg lq Vhfwlrq 5 +vhh dovr wkh vx!flhqw frqglwlrq 7144
ehorz zkhq wkhuh h{lvwv d ulvnohvv dvvhw,1 Lq zkdw iroorzv/ wkh fruuhvsrqglqj whfkqlfdolwlhv zloo eh qhjohfwhg1
;Dv dqqrxqfhg lq vhfwlrq 6/ zh ghsduw iurp wkh h{srvlwlrqdo vkruwfxw zkhuh wkh sulfh lqfoxghg glvfrxqwhg
glylghqgv1
<Vwdwlrqdulw| +vhh Dvvxpswlrq 616, uhtxluhv wkdw zh lqfoxgh wkh jurzwk udwhv ri glylghqgv dqg qrw wkhlu
ohyhov lq wkh yduldeohv \w=
;
Jlyhq dvvxpswlrqv 614/ 615 dqg 616/ zh duh doorzhg wr frqfoxgh wkdw/ xqghu jhqhudo uhjx0
odulw| frqglwlrqv43/ htxdwlrq +718, ghqhv d xqltxh wlph0lqyduldqw ghwhuplqlvwlf ixqfwlrq )E
vxfk wkdw=
)EL| ' .d6|n
(|n
(|
E)EL|n n mL|o +719,
Lq rwkhu zrugv/ zh jhw wkh iroorzlqj ghfrpsrvlwlrq irupxodv iru sulfhv dqg uhwxuqv=
Z| ' )EL|(|
o|n '
Z|n n(|n
Z|
'
(|n
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)EL|n n 
)EL|
+71:,
D e|0surgxfw ri wklv ghfrpsrvlwlrq lv wkdw/ e| dssolfdwlrq ri +61:,/ wkh mrlqw frqglwlrqdo
suredelolw| glvwulexwlrq ri ixwxuh idfwruv dqg uhwxuqv E8 c o:| jlyhq a| ghshqgv xsrq a| rqo|
wkurxjk L| lq d krprjhqhrxv zd|1 Lq sduwlfxodu/ wkh frqglwlrqdo ehwd frh!flhqwv ri uhwxuqv
duh {hg ghwhuplqlvwlf ixqfwlrqv ri wkh fxuuhqw ydoxh ri vwdwh yduldeohv=
qo&| ' q
o
&EL| sJo & ' fc c 2c cg +71;,
7151 Frqglwlrqdo Ehwd Sulflqj
Vlqfh wkh vhplqdo sdshuv ri Vkdush +4<97, dqg Olqwqhu+4<98, rq wkh xqfrqglwlrqdo FDSP wr
wkh prvw uhfhqw olwhudwxuh rq frqglwlrqdo ehwd sulflqj +vhh h1j1 Kduyh| +4<<4,/ Ihuvrq dqg
Nrudmf}|n +4<<8,,/ ehwd frh!flhqwv zlwk uhvshfw wr zhoo0fkrvhq idfwruv duh sxw iruzdug dv frq0
yhqlhqw phdvxuhv ri frpshqvdwhg ulvn zklfk h{sodlq wkh glvfuhsdqf| ehwzhhq h{shfwhg uhwxuqv
dprqj d froohfwlrq ri qdqfldo dvvhwv1 Lq rughu wr grfxphqw wkhvh wudglwlrqdo dssurdfkhv lq
wkh prghuq vhwwlqj ri VGI/ zh kdyh wr dgg wzr idluo| lqqrfxrxv dgglwlrqdo dvvxpswlrqv1
Dvvxpswlrq 7141= Li R8|n ghqrwhv wkh ruwkrjrqdo surmhfwlrq +iru wkh frqglwlrqdo vfdodu
surgxfw +514,, ri wkh frqvwdqw yhfwru  rq wkh vsdfh |n ri ihdvleoh sd|rv/ wkh vhwP|n
ri dgplvvleoh VGI grhv qrw frqwdlq d yduldeoh b|R8|n zlwk b| 5 a|
Dvvxpswlrq 7151= Dq| dgplvvleoh VGI kdv d qrq0}hur frqglwlrqdo h{shfwdwlrq jlyhq a|
Zlwkrxw Dvvxpswlrq 714/ rqh frxog zulwh iru dq| R|n 5 |n G
Z|ER|n ' b|.dR8|nR|nma|o ' b|.dR|nma|o +71<,
43Wkhvh uhjxodulw| frqglwlrqv dprxqw wr wkh srvvlelolw| ri dsso|lqj d frqwudfwlrq pdsslqj dujxphqw wr hqvxuh
wkh h{lvwhqfh dqg xqlflw| ri d {hg srlqw *+=, ri wkh ixqfwlrqdo ghqlqj wkh uljkw kdqg vlgh ri +719,1
<
Wkhuhiruh/ doo wkh ihdvleoh h{shfwhg uhwxuqv zrxog frlqflgh zlwk *b| Zkhq wkhuh lv d ulvn0
ohvv dvvhw/ Dvvxpswlrq 714 vlpso| phdqv wkdw dq dgplvvleoh VGI 6|n vkrxog eh jhqxlqho|
vwrfkdvwlf dw wlph w/ wkdw lv qrw dq hohphqw ri wkh dydlodeoh lqirupdwlrq a| dw wlph w1
Zlwkrxw Dvvxpswlrq 715/ rqh frxog zulwh wkh sulfh Z|ER|n dv=
Z|ER|n ' .d6|nR|nma|o ' SJd6|nR|nma|oc +7143,
zklfk zrxog qrw ghshqg rq wkh h{shfwhg sd|r .dR|nma|o Zkhq wkhuh lv d ulvnohvv dvvhw/
Dvvxpswlrq 715 zrxog eh lpsolhg e| d srvlwlylw| uhtxluhphqw44=
 dR : fo '  ',  dZ|ER  fo ' f +7144,
Zlwk wkhvh wzr dvvxpswlrqv/ zh fdq vwdwh wkh fhqwudo wkhruhp ri wklv vhfwlrq/ zklfk olqnv
olqhdu VGI vsdqqlqj zlwk olqhdu ehwd sulflqj dqg pxowlehwd prghov ri h{shfwhg uhwxuqv1
Wkhruhp 7151 =Wkh wkuhh iroorzlqj surshuwlhv duh htxlydohqw=
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S5= Olqhdu VGI Vsdqqlqj=< 6|n 5 P|nc < b&| 5 a|c & ' fc c 2c cg
b&| ' b&EL|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 n
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S6= Pxowlehwd Prgho ri H{shfwhg Uhwxuqv= < D&| 5 a|c & ' fc c 2c cgc iru dq| ihdvleoh
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Wkhruhp 715 fdq eh suryhg +vhh Uhqdxow/ 4<<<, iurp wkuhh vhwv ri dvvxpswlrqv= dvvxps0
wlrqv zklfk hqvxuh wkh h{lvwhqfh ri dgplvvleoh VGIv +Vhfwlrq 5,/ dvvxpswlrqv derxw wkh vwdwh
yduldeohv +Vhfwlrq 6,/ dqg whfkqlfdo dvvxpswlrqv 714 dqg 7151
Wkuhh pdlq ohvvrqv fdq eh gudzq iurp Wkhruhp 715=
+l, Lw pdnhv h{solflw zkdw zh kdyh fdoohg d furvv0vhfwlrqdo uhgxfwlrq ri glphqvlrq wkurxjk
idfwruv/ jhqhudoo| frqfhlyhg wr hqvxuh VGI vsdqqlqj/ dqg pruh suhflvho| olqhdu VGI vsdqqlqj/
44Wklv srvlwlylw| uhtxluhphqw lpsolhv wkh frqwlqxlw| ri wkh sulflqj ixqfwlrq w+=, qhhghg iru hvwdeolvklqj
Wkhruhp 5141
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zklfk fruuhvsrqgv wr wkh vshflfdwlrq +7146, ri wkh ghwhuplqlvwlf ixqfwlrq uhihuuhg wr lq Dv0
vxpswlrq 6171 Zlwk d olqhdu ehwd sulflqj irupxod/ sulfhv Z|ER|n ri d odujh furvv0vhfwlrqdo
froohfwlrq ri sd|rv R|n 5 |n fdq eh frpsxwhg iurp wkh sulfhv ri g n  sduwlfxodu dvvhwv
=
Z|E= ' .d6|nma|o ' .d6|nmL|o
Z|E8&|n ' .d6|n8&|nma|o ' .d6|n8&|nmL|oc & ' c 2c cg +7148,
Li wkhuh grhv qrw h{lvw d ulvnohvv dvvhw ru li vrph idfwruv duh qrw ihdvleoh sd|rv/ rqh fdq
dozd|v lqwhusuhw vxlwdeo| qrupdol}hg idfwruv dv uhwxuqv rq sduwlfxodu sruwirolrv fdoohg plplfnlqj
sruwirolrv1 Pruhryhu/ vlqfh wkh rqo| surshuw| ri idfwruv zklfk pdwwhuv lv olqhdu VGI vsdqqlqj/
rqh pd| dvvxph zlwkrxw orvv ri jhqhudolw| wkdw T @od8|nmL|o lv qrqvlqjxodu wr dyrlg uhgxqgdqw
idfwruv1 Wkh ehwd frh!flhqwv duh wkhq frpsxwhg gluhfwo| e|45=
dq|c q2|c c q&|o ' JdR|nc 8|nma|oT @od8|nmL|o
3
qf| ' .dR|nma|o
g[
&'
q&|.d8|nmL|o +7149,
wr ghgxfh wkh sulfh=
Z|ER|n ' qf|Z|E= n
g[
&'
q
&|
Z|E8&|n +714:,
Wkh furvv0vhfwlrqdo uhgxfwlrq ri glphqvlrq frqvlvwv lq frpsxwlqj rqo| g n  idfwru sulfhv
+Z|E=c Z|E8&|n wr sulfh dq| sd|r1 Wkh orqjlwxglqdo uhgxfwlrq ri glphqvlrq lv dovr h{sorlwhg
vlqfh wkh sulflqj irupxod iru wkhvh idfwruv +7148, ghshqgv rq wkh frqglwlrqlqj lqirupdwlrq a|
rqo| wkurxjk L|
+ll, Hyhq wkrxjk wkh olqhdu ehwd sulflqj irupxod S4 lv pdwkhpdwlfdoo| htxlydohqw wr wkh
olqhdu VGI vsdqqlqj surshuw| S5/ lw lv lqwhuhvwlqj wr fkdudfwhul}h lw e| d surshuw| ri wkh vhw ri
ihdvleoh uhwxuqv xqghu wkh pdlqwdlqhg dvvxpswlrq 517 ri VGI vsdqqlqj1 Pruh suhflvho|/ vlqfh
wklv dvvxpswlrq doorzv xv wr zulwh=
45Zkhq wkh sd|rv lqfoxgh glylghqgv/ wkh rqo| uhohydqw frqglwlrqlqj lqirupdwlrq lv fkdudfwhul}hg e| vwdwh
yduldeohv=
Fry^sw.4> Iw.4mMw` @ GwFry^
sw.4
Gw
> Iw.4mXw`
H^sw.4mMw` @ GwH^
sw.4
Gw
mXw`=
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Z|ER|n ' .d6|n.dR|nm8|nc a|oma|oc +714;,
S4 lv rewdlqhg dv vrrq dv d olqhdu idfwru prgho ri sd|rv ru uhwxuqv lv dvvxphg +vhh h1j1 Hqjoh/
Qj dqg Urwkvfklog +4<<3,46,1 Lw phdqv wkdw wkh frqglwlrqdo h{shfwdwlrq ri sd|rv jlyhq idfwruv
dqg a| frlqflgh zlwk wkh frqglwlrqdo d!qh uhjuhvvlrq +jlyhq a| ri wkhvh sd|rv rq wkhvh idfwruv=
.dR|nm8|nc a|o ' .u|dR|nm8|no ' qf| n
g[
&'
q&|8&|n +714<,
Vxfk d olqhdu idfwru prgho fdq iru lqvwdqfh eh ghgxfhg iurp dq dvvxpswlrq ri mrlqw frqgl0
wlrqdo qrupdolw| ri uhwxuqv dqg idfwruv1 Wklv lv wkh fdvh zkhq idfwruv duh wkhpvhoyhv uhwxuqv
rq vrph plplfnlqj sruwirolrv dqg uhwxuqv duh mrlqwo| frqglwlrqdoo| jdxvvldq1 Wkh vwdqgdug
FDSP looxvwudwhv wkh olqhdu vwuxfwxuh wkdw lv rewdlqhg iurp vxfk d mrlqw qrupdolw| dvvxpswlrq
iru uhwxuqv1
Krzhyhu/ wkh pdlq lpsolfdwlrq ri olqhdu ehwd sulflqj lv wkh }hur0sulfh surshuw| ri lglrv|q0
fudwlf ulvn +0|n lq wkh qrwdwlrq ri ghqlwlrq 714, vlqfh rqo| wkh v|vwhpdwlf sduw ri wkh sd|r
R|n lv frpshqvdwhg47=
Z|ER|n ' Z|E.u|ER|nm8|nc +7153,
wkdw lv= Z|E0|n ' f Dv zh zloo vhh lq pruh ghwdlov lq vxevhfwlrq 716 ehorz/ wklv }hur0sulfh
surshuw| iru wkh lglrv|qfudwlf ulvn od|v wkh edvlv iru wkh DSW prgho ghyhorshg e| Urvv +4<:9,1
Pruhryhu/ li d idfwru lv qrw frpshqvdwhg ehfdxvh .d6|n8&|nmL|o ' fc lw fdq eh irujrwwhq lq
wkh ehwd sulflqj irupxod1 Lq rwkhu zrugv/ luuhvshfwlyh ri wkh vwdwlvwlfdo surfhgxuh xvhg wr exlog
wkh idfwruv/ rqo| wkh frpshqvdwhg idfwruv kdyh wr eh nhsw=
{&| ' .d6|n8&|nmL|o 9' fc sJo & ' c cg +7154,
+lll, Wkh plqlpdo olvw ri idfwruv wkdw kdyh wr eh nhsw pd| dovr eh fkdudfwhul}hg e| wkh vsdq0
qlqj lqwhusuhwdwlrq S51 Lq wklv uhvshfw/ wkh qxpehu ri idfwruv lv sxuho| d pdwwhu ri frqyhqwlrq=
krz pdq| idfwruv gr zh zdqw wr lqwurgxfh wr vsdq wkh rqh0glphqvlrqdo vsdfh zkhuh hyroyhv
wkh VGIB Wkh h{lvwhqfh ri wkh VGI suryhv wkdw d rqh0idfwru prgho zlwk wkh VGI lwvhoi dv wkh
vroh idfwru lv dozd|v fruuhfw1 Wkh ghqlwlrq ri N idfwruv ehfrphv dq lvvxh iru uhdvrqv vxfk dv
hfrqrplf lqwhusuhwdwlrq/ vwdwlvwlfdo surfhgxuhv ru qdqfldo vwudwhjlhv1 Pruhryhu/ wklv ghqlwlrq
fdq eh fkdqjhg dv orqj dv lw nhhsv lqyduldqw wkh fruuhvsrqglqj vsdqqhg yhfwruldo vsdfh1 Iru
lqvwdqfh/ rqh pd| dvvxph wkdw/ frqglwlrqdoo| wr a|c wkh idfwruv duh pxwxdoo| xqfruuhodwhg/ wkdw
46Krzhyhu/ wkhvh dxwkruv pdlqwdlq vlpxowdqhrxvo| wkh wzr dvvxpswlrqv ri olqhdu VGI vsdqqlqj dqg olqhdu
idfwru prgho ri uhwxuqv1 Wkhvh wzr dvvxpswlrqv duh fohduo| uhgxqgdqw dv h{sodlqhg deryh1
47Wkh sulfhv ri wkh v|vwhpdwlf dqg lglrv|qfudwlf sduwv duh ghqhg/ e| dexvh ri qrwdwlrq/ e| wkhlu frqglwlrqdo
vfdodu surgxfw zlwk wkh VGI pw.4=
45
lv T d8|nma|o lv d qrqvlqjxodu gldjrqdo pdwul{1 Rqh pd| dovr uhvfdoh wkh idfwruv wr rewdlq xqlw
yduldqfh idfwruv +vwdwlvwlfdo prwlydwlrq, ru xqlw frvw idfwruv +qdqfldo prwlydwlrq,1 Ohw xv irfxv
rq wkh odwwhu e| dvvxplqj wkdw=
{&| ' .d6|n8&|nmL|o ' c sJo & ' c cg +7155,
E| +7154,/ wkh idfwru 8&|n fdq eh uhsodfhg e| lwv vfdohg ydoxh 8&|n*{&| wr jhw +7155,
zlwkrxw orvv ri jhqhudolw|1 Hdfk idfwru fdq wkhq eh lqwhusuhwhg dv d uhwxuq rq d sruwirolr +d
sd|r ri xqlw sulfh, hyhq wkrxjk zh gr qrw dvvxph wkdw wkhuh h{lvwv d ihdvleoh plplfnlqj
sruwirolr +8&|n 5 |n Wklv qrupdol}dwlrq uxoh doorzv xv wr suryh wkdw wkh frh!flhqwv lq wkh
pxowlehwd prgho ri h{shfwhg uhwxuqv +S6, duh jlyhq e|=
D&| ' .d8&|nmL|o Df| sJo & ' c cg +7156,
Vlqfh/ rq wkh rwkhu kdqg/ lw lv hdv| wr fkhfn wkdw=
Df| '

.d6|nmL|o
+7157,
frlqflghv zlwk wkh ulvn0iuhh uhwxuq zkhq wkhuh h{lvwv d ulvn0iuhh dvvhw/ wkh pxowlehwd prgho +S6,
ri h{shfwhg uhwxuqv fdq eh uhzulwwhq lq wkh pruh vwdqgdug irup=
.do|nmL|o Df| '
g[
&'
qo
&
EL|d.d8&|nmL|o Df|oc +7158,
zklfk jlyhv wkh ulvn suhplxp ri wkh dvvhw dv d olqhdu frpelqdwlrq ri wkh ulvn suhpld ri wkh ydu0
lrxv idfwruv/ zlwk zhljkwv ghqhg e| wkh ehwd frh!flhqwv ylhzhg dv ulvn txdqwlwlhv1 Pruhryhu/
+7158, lv yhu| xvhixo iru vwdwlvwlfdo lqihuhqfh lq idfwru prghov +vhh lq sduwlfxodu vxevhfwlrq 716,
vlqfh lw phdqv wkdw wkh ehwd sulflqj irupxod lv fkdudfwhul}hg e| wkh qxoolw| ri wkh lqwhufhsw
whup lq wkh frqglwlrqdo uhjuhvvlrq ri qhw uhwxuqv rq qhw idfwruv/ jlyhq X|
7161 Frqglwlrqdo Idfwru Dqdo|vlv
Idfwru dqdo|vlv zlwk d furvv0vhfwlrqdo srlqw ri ylhz kdv ehhq srsxodul}hg e| Urvv +4<:9, wr
surylgh vrph irxqgdwlrqv wr pxowlehwd prghov ri h{shfwhg uhwxuqv1 Wkh edvlf lghd lv wr vwduw/
iru d frxqwdeoh vhtxhqfh ri dvvhwv  ' c 2c  zlwk wkh ghfrpsrvlwlrq ri wkhlu sd|rv ru uhwxuqv
lqwr v|vwhpdwlf dqg lglrv|qfudwlf sduwv zlwk uhvshfw wr N yduldeohv 8&|nc c 2c cg / frqvlghuhg
dv fdqglgdwh idfwruv=
o|n ' q
o
fEL| n
g[
&'
qo&EL|8&|n n 0|n
46
.d0|nmL|o ' f
Jd8&|nc 0|nmL|o ' f ;& ' c 2c cgc sJo  ' c 2c  +7159,
Vlqfh/ dv douhdg| h{sodlqhg/ wkh pxowlehwd prgho +S6, ri h{shfwhg uhwxuqv dprxqwv wr
dvvxph wkdw lglrv|qfudwlf ulvnv duh qrw frpshqvdwhg/ wkdw lv=
.d6|n0|nmL|o ' f sJo  ' c 2c c +715:,
d qdwxudo zd| wr orrn iru irxqgdwlrqv ri wklv sulflqj prgho lv wr dvn zk| lglrv|qfudwlf ulvn
vkrxog qrw eh frpshqvdwhg1 Urvv +4<:9, surylghv wkh iroorzlqj h{sodqdwlrq1 Iru d sruwirolr
lq wkh q dvvhwv ghqhg e| vkduhv w?c  ' c 2c c ? ri zhdowk lqyhvwhg=
?[
'
w?'c +715;,
wkh xqv|vwhpdwlf ulvn lv phdvxuhg e|=
T @od
?[
'
w?0|nmL|o '
?[
'
w2?j
2
 EL|c +715<,
li zh dvvxph wkdw wkh lqglylgxdo lglrv|qfudwlf ulvnv duh pxwxdoo| xqfruuhodwhg=
Jd0|n0|nmL|o ' f s  9' c +7163,
dqg zh ghqrwh wkh dvvhw lglrv|qfudwlf frqglwlrqdo yduldqfhv e|= j2 EL| ' T @od0|nmL|o
Wkhuhiruh/ li lw lv srvvleoh wr qg d vhtxhqfh Ew?$$?c? ' c 2c  frqirupdeoh wr +715;,
dqg +7164, ehorz=
 *4
?'"
?[
'
w2?j
2
 EL| ' fc +7164,
wkh lglrv|qfudwlf ulvn fdq eh glyhuvlhg dqg vkrxog qrw eh frpshqvdwhg e| d vlpsoh qr0duelwudjh
dujxphqw1 W|slfdoo|/ wklv uhvxow zloo eh ydolg zlwk erxqghg frqglwlrqdo yduldqfhv dqg htxdoo|0
zhljkwhg sruwirolrv +w? ' ? iru  ' c 2c 
Lq rwkhu zrugv/ dffruglqj wr Urvv +4<:9,/ idfwruv kdyh dv d edvlf surshuw| wr ghqh lglrv|q0
fudwlf ulvnv zklfk duh pxwxdoo| xqfruuhodwhg1 Wklv mxvwlhv ehwd sulflqj zlwk uhvshfw wr wkhp
dqg surylghv wkh iroorzlqj ghfrpsrvlwlrq ri wkh frqglwlrqdo fryduldqfh pdwul{ ri uhwxuqv=
P| ' q||q

| n(| +7165,
zkhuh P|c q|c |c (| duh pdwulfhv ri uhvshfwlyh vl}hv ? { ?c ? { &c & { & dqg ? { ? ghqhg e|=
47
P| ' EJEo|nc o|nmL|$$?c$$?
q| ' Eq
o
&EL|$$?c$&$g +7166,
| ' EJE8&|nc 8,|nmL|$&$gc$,$g
(| ' EJE0|nc 0|nmL|$$?c$$?
zlwk wkh pdlqwdlqhg dvvxpswlrq wkdw (| lv d gldjrqdo pdwul{1
Lq wkh sduwlfxodu fdvh zkhuh uhwxuqv dqg idfwruv duh mrlqwo| frqglwlrqdoo| jdxvvldq jlyhq
L|/ wkh uhwxuqv duh pxwxdoo| lqghshqghqw nqrzlqj wkh idfwruv lq wkh frqglwlrqdo suredelolw|
glvwulexwlrq jlyhq L| Zh kdyh wkhuhiruh vshflhg d Idfwru Dqdo|vlv prgho lq d frqglwlrqdo
vhwwlqj1 Pruhryhu/ li rqh dgrswv lq vxfk d vhwwlqj vrph zhoo0nqrzq uhvxowv lq wkh Idfwru
Dqdo|vlv phwkrgrorj|/ rqh fdq fodlp wkdw wkh prgho lv ixoo| ghqhg e| wkh ghfrpsrvlwlrq +7165,
ri wkh fryduldqfh pdwul{ ri uhwxuqv zlwk wkh gldjrqdolw| dvvxpswlrq48 derxw wkh lglrv|qfudwlf
yduldqfh pdwul{ (| Lq sduwlfxodu/ wklv ghfrpsrvlwlrq ghqhv e| lwvhoi wkh vhw ri N0glphqvlrqdo
yduldeohv 8|n frqirupdeoh wr lw zlwk wkh lqwhusuhwdwlrq +7166, ri wkh pdwulfhv=
8|n ' .d8|nmL|o n |q

|P
3
| Eo|n  .do|nmL|o n 5|n +7167,
zkhuh o|n ' Eo|n$$? dqg 5|n lv d N0glphqvlrqdo yduldeoh dvvxphg wr eh lqghshqghqw ri
o|n jlyhq a| dqg vxfk wkdw=
.d5|nma|o ' f
T @od5|nma|o ' |  |q

|P
3
| q|| +7168,
Lw phdqv wkdw/ xs wr dq lqghshqghqw qrlvh 5| +zklfk uhsuhvhqwv idfwru lqghwhuplqdf|,/ wkh
idfwruv duh uhexlow e| wkh vr0fdoohg Wkrpsvrq Idfwru vfruhv=
e8|c|n ' .d8|nmL|o n |q|P3| Eo|n  .Eo|nmL|c +7169,
zklfk fruuhvsrqg wr wkh frqglwlrqdo h{shfwdwlrq= e8|c|n ' .d8|nmL|c o|no lq wkh sduwlfxodu
fdvh zkhuh uhwxuqv dqg idfwruv duh mrlqwo| jdxvvldq jlyhq L|
Wr vxppdul}h/ dffruglqj wr Urvv +4<:9, dgdswhg lq d frqglwlrqdo vhwwlqj zlwk odwhqw ydul0
deohv/ wkh txhvwlrq ri vshfli|lqj d pxowlehwd prgho ri h{shfwhg uhwxuqv fdq eh dgguhvvhg lq
wzr vwhsv1 Lq d uvw vwhs/ rqh vkrxog lghqwli| d idfwru vwuxfwxuh iru wkh idplo| ri uhwxuqv=
48Fkdpehuodlq dqg Urwkvfklog +4<;6, kdyh sursrvhg wr wdnh dgydqwdjh ri wkh vhtxhqfh prgho +q$ 4, wr
zhdnhq wkh gldjrqdolw| dvvxpswlrq rq Gw e| ghqlqj dq dssur{lpdwh idfwru vwuxfwxuh1 Zh frqvlghu khuh d
idfwru vwuxfwxuh iru {hg q1
48
P| ' q||q

| n(|c
(| gldjrqdo1 +716:,
Lq d vhfrqg vwhs/ wkh lvvxh ri d pxowlehwd prgho iru h{shfwhg uhwxuqv lv dgguhvvhg49=
.do|nmL|o ' q|.d8|nmL|o +716;,
Gxh wr wkh gl!fxow| ri glvhqwdqjolqj wkh g|qdplfv ri wkh ehwd frh!flhqwv lq q| iurp wkh
rqh ri wkh idfwruv/ erwk dw uvw rughu .d8|nmL|o lq +716;, dqg dw vhfrqg rughu | ' T @od8|nmL|o
lq +716:,/ d frpprq vroxwlrq lq wkh olwhudwxuh lv wr dgg wkh txlwh uhvwulfwlyh dvvxpswlrq wkdw
wkh pdwul{ q| ri frqglwlrqdo idfwru ordglqjv lv ghwhuplqlvwlf dqg wlph lqyduldqw=
q| ' q iru hyhu| | +716<,
Lw vkrxog eh qrwlfhg wkdw dvvxpswlrq +716<, grhv qrw lpso| shu vh wkdw frqglwlrqdo ehwdv
frlqflgh zlwk xqfrqglwlrqdo rqhv vlqfh xqfrqglwlrqdo ehwdv duh qrw xqfrqglwlrqdo h{shfwdwlrqv
ri frqglwlrqdo rqhv1 Krzhyhu/ vlqfh e| +716<,=
o|n ' .Eo|nmL| q.E8|nmL| n q8|n n 0|n +7173,
lw fdq eh vhhq wkdw q zloo frlqflgh zlwk wkh pdwul{ ri xqfrqglwlrqdo ehwdv li dqg rqo| li=
Jd.Eo|nmL| q.E8|nmL|c 8|nmL|o ' f +7174,
Lq sduwlfxodu/ li wkh frqglwlrqdo pxowlehwd prgho +716;, ri h{shfwhg uhwxuqv dqg wkh dv0
vxpswlrq +716<, ri frqvwdqw frqglwlrqdo ehwdv duh pdlqwdlqhg vlpxowdqhrxvo|/ wkh xqfrqglwlrqdo
pxowlehwd prgho ri h{shfwhg uhwxuqv fdq eh ghgxfhg=
.o|n ' q.8|n +7175,
Pruhryhu/ wklv mrlqw dvvxpswlrq jxdudqwhhv wkdw wkh frqglwlrqdo idfwru dqdo|wlf prgho +7173,
fdq eh lghqwlhg e| d vwdqgdug surfhgxuh ri vwdwlf idfwru dqdo|vlv vlqfh=
T @oE0|n ' .ET @oE0|nmL| ' .E(| +7176,
49Dffruglqj wr wkh frpphqwv iroorzlqj wkhruhp 714/ zh dvvxph wkdw idfwruv duh vxlwdeo| vfdohg lq rughu wr
jhw wkh frqyhqlhqw lqwhusuhwdwlrq iru wkh frh!flhqwv ri wkh pxowlehwd prgho ri h{shfwhg uhwxuqv1 Vxfk d vfdolqj
fdq eh grqh zlwkrxw orvv ri jhqhudolw| vlqfh lw grhv qrw prgli| wkh surshuw| +716:,1 Pruhryhu/ lq +716;,/ uhwxuqv
dqg idfwruv duh lpsolflwo| frqvlghuhg lq h{fhvv ri wkh ulvn0iuhh udwh +qhw uhwxuqv dqg idfwruv,1
49
zloo eh d gldjrqdo pdwul{ dv (| Wklv uhpdun kdv ehhq ixoo| h{sorlwhg e| Nlqj/ Vhqwdqd dqg
Zdgkzdql +4<<7,1 Krzhyhu/ d jhqhudo lqihuhqfh phwkrgrorj| iru wkh frqglwlrqdo idfwru dqdo|wlf
prgho uhpdlqv wr eh vwdwhg1 Iluvw/ wkh uhvwulfwlyh dvvxpswlrq ri {hg frqglwlrqdo ehwdv vkrxog
eh uhod{hg1 Vhfrqg/ hyhq zlwk {hg ehwdv/ rqh zrxog olnh wr eh deoh wr lghqwli| wkh frqglwlrqdo
idfwru dqdo|wlf prgho +7173, zlwkrxw pdlqwdlqlqj wkh mrlqw k|srwkhvlv +716;, ri d pxowlehwd
prgho ri h{shfwhg uhwxuqv1 Lq wklv odwwhu fdvh/ d idfwru vwrfkdvwlf yrodwlolw| dssurdfk +vhh
h1j1 Phggdkl dqg Uhqdxow +4<<9, dqg Slww dqg Vkhskdug +4<<<,, vkrxog eh zhoo0vxlwhg1 Wkh
qduurz olqn ehwzhhq rxu jhqhudo vwdwh yduldeoh vhwwlqj dqg wkh qrzdgd|v zlghvsuhdg vwrfkdvwlf
yrodwlolw| prgho lv glvfxvvhg lq wkh qh{w vhfwlrq1
81 D G|qdplf Dvvhw Sulflqj Prgho zlwk Odwhqw Yduldeohv
Lq wkh odvw vhfwlrq/ zh dqdo|}hg wkh furvv0vhfwlrqdo uhvwulfwlrqv lpsrvhg e| qdqfldo dvvhw
sulflqj wkhrulhv lq wkh frqwh{w ri idfwru prghov1 Zkloh wkhvh idfwru prghov zhuh frqglwlrqhg
rq dq lqirupdwlrq vhw/ wkh hpskdvlv zdv qrw sxw rq wkh g|qdplf ehkdylru ri dvvhw uhwxuqv1 Lq
wklv vhfwlrq/ zh sursrvh dq lqwhuwhpsrudo dvvhw sulflqj prgho edvhg rq d frqglwlrqlqj rq vwdwh
yduldeohv1 Xvlqj dvvxpswlrqv vshoohg rxw lq vhfwlrq 6/ zh zloo dffrpprgdwh d ulfk lqwhuwhpsrudo
iudphzrun zkhuh wkh vwrfkdvwlf glvfrxqw idfwru fdq uhsuhvhqw qrqvhsdudeoh suhihuhqfhv vxfk
dv uhfxuvlyh xwlolw|4:1
8141 Dq Htxloleulxp Dvvhw Sulflqj Prgho zlwk Uhfxuvlyh Xwlolw|
Pdq| lghqwlfdo lqqlwho| olyhg djhqwv pd{lpl}h wkhlu olihwlph xwlolw| dqg uhfhlyh hdfk shulrg dq
hqgrzphqw ri d vlqjoh qrqvwrudeoh jrrg1 Zh vshfli| d uhfxuvlyh xwlolw| ixqfwlrq ri wkh irup=
T| ' ` E|c >|c +814,
zkhuh` lv dq djjuhjdwru ixqfwlrq wkdw frpelqhv fxuuhqw frqvxpswlrq| zlwk >| ' >EhT|n m a|
/ d fhuwdlqw| htxlydohqw ri udqgrp ixwxuh xwlolw| hT|nc jlyhq wkh lqirupdwlrq dydlodeoh wr wkh
djhqwv dw wlph w/ wr rewdlq wkh fxuuhqw0shulrg olihwlph xwlolw| T|1 Iroorzlqj Nuhsv dqg Sruwhxv
+4<:;,/ Hsvwhlq dqg ]lq +4<;<, sursrvh wkh FHV ixqfwlrq dv wkh djjuhjdwru ixqfwlrq/ l1h1
T| ' d
4
| n q>
4
| o

4  +815,
Wkh zd| wkh djhqwv irup wkh fhuwdlqw| htxlydohqw ri udqgrp ixwxuh xwlolw| lv edvhg rq wkhlu
ulvn suhihuhqfhv/ zklfk duh dvvxphg wr eh lvrhodvwlf/ l1h1 >k| ' .dhT k|nmU|oc zkhuh k   lv wkh
4:Lq wkh sursrvhg lqwhuwhpsrudo dvvhw sulflqj prgho/ zh zloo vshfli| wkh vwrfkdvwlf glvfrxqw idfwru lq dq
htxloleulxp vhwwlqj1 Zh zloo wkhuhiruh pdnh rxu vwrfkdvwlf dvvxpswlrqv rq hfrqrplf ixqgdphqwdov vxfk dv
frqvxpswlrq dqg glylghqg jurzwk udwhv1 Lq Jdufld/ Oxjhu dqg Uhqdxow +4<<<,/ zh pdnh wkh vdph w|shv ri
dvvxpswlrqv gluhfwo| rq wkh sdlu VGI0vwrfn uhwxuqv zlwkrxw uhihuhqfh wr dq htxloleulxp prgho1 Vlplodu dvvhw
sulflqj irupxodv dqg lpsolfdwlrqv ri wkh suhvhqfh ri ohyhudjh hhfwv duh rewdlqhg lq wklv ohvv vshflf iudphzrun1
4:
ulvn dyhuvlrq sdudphwhu +40k lv wkh Duurz0Sudww phdvxuh ri uhodwlyh ulvn dyhuvlrq,1 Jlyhq wkhvh
suhihuhqfhv/ wkh iroorzlqj Hxohu frqglwlrq pxvw eh ydolg iru dq| dvvhw m li dq djhqw pd{lpl}hv
klv olihwlph xwlolw| +vhh Hsvwhlq dqg ]lq +4<;<,,=
.dqE
|n
|
E433|n -c|nma|o ' c +816,
zkhuh|n uhsuhvhqwv wkh uhwxuq rq wkh pdunhw sruwirolr/ -c|n wkh uhwxuq rq dq| dvvhw m/ dqg
 ' 4
k
1 Wkh vwrfkdvwlf glvfrxqw idfwru lv wkhuhiruh jlyhq e|=
6|n ' q
E
|n
|
E433|n  +817,
Wkh sdudphwhu 4 lv dvvrfldwhg zlwk lqwhuwhpsrudo vxevwlwxwlrq/ vlqfh wkh hodvwlflw| ri lq0
whuwhpsrudo vxevwlwxwlrq lv *E 4 Wkh srvlwlrq ri k zlwk uhvshfw wr 4 ghwhuplqhv zkhwkhu
wkh djhqw kdv d suhihuhqfh wrzdugv hduo| uhvroxwlrq ri xqfhuwdlqw| +k 	 4, ru odwh uhvroxwlrq ri
xqfhuwdlqw| +k : 4,4;1
Vlqfh wkh pdunhw sruwirolr sulfh/ vd| S| dw wlph w/ lv ghwhuplqhg lq htxloleulxp/ lw vkrxog
dovr yhuli| wkh uvw0rughu frqglwlrq=
.dqE
|n
|
E43|nma|o '  +818,
Lq wklv prgho/ wkh sd|r ri wkh pdunhw sruwirolr dw wlph w lv wkh wrwdo hqgrzphqw ri wkh
hfrqrp| F| Wkhuhiruh wkh uhwxuq rq wkh pdunhw sruwirolr |n fdq eh zulwwhq dv iroorzv=
|n '
|n n |n
|

Uhsodflqj |n e| wklv h{suhvvlrqc zh rewdlq=
b| ' .

q

|n
|
4
Eb|n n 
ma|

c +819,
zkhuh= b| '
|
|
 Wkh sulflqj ri dvvhwv zlwk sulfh 7| zklfk sd| glylghqgv (| vxfk dv vwrfnv zloo
ohdg xv wr fkdudfwhul}h wkh mrlqw suredelolw| glvwulexwlrq ri wkh vwrfkdvwlf surfhvv Ef|c t|c a|
zkhuh= f| ' uJ} ||3 dqg t| ' uJ}
(|
(|3
 Dv dqqrxqfhg lq vhfwlrq 6/ zh ghqh wklv g|qdplfv
wkurxjk d vwdwlrqdu| yhfwru0surfhvv ri vwdwh yduldeohv L| vr wkdw=
a| ' b$|df c t c L o +81:,
Jlyhq wklv prgho vwuxfwxuh +zlwk uJ} |
|3
vhuylqj dv d idfwru 8|/ zh fdq uhvwdwh Dvvxps0
wlrqv 614 dqg 615 dv=
4;Dv phqwlrqhg lq Hsvwhlq dqg ]lq +4<<4,/ wkh dvvrfldwlrq ri ulvn dyhuvlrq zlwk  dqg lqwhuwhpsrudo vxvwl0
wxwlrq zlwk  lv qrw ixoo| fohdu/ vlqfh dw d jlyhq ohyho  ri ulvn dyhuvlrq/ fkdqjlqj  dhfwv qrw rqo| wkh
hodvwlflw| ri lqwhuwhpsrudo vxvwlwxwlrq exw dovr ghwhuplqhv zkhwkhu wkh djhqw zloo suhihu hduo| ru odwh uhvroxwlrq
ri xqfhuwdlqw|1
4;
Dvvxpswlrq 8141= Wkh sdluv Ef|c t|$|$A c | ' c c A duh pxwxdoo| lqghshqghqw nqrzlqj
LA ' EL|$|$A 1
Dvvxpswlrq 8151= Wkh frqglwlrqdo suredelolw| glvwulexwlrq ri Ef|ct| jlyhq LA ' EL|$|$A
frlqflghv/ iru dq| | ' c c Ac zlwk wkh frqglwlrqdo suredelolw| glvwulexwlrq jlyhq L | '
EL $$|
Dv phqwlrqhg lq Vhfwlrq 6/ Dvvxpswlrqv 814 dqg 815 wrjhwkhu zlwk Dvvxpswlrq 616 dqg wkh
Pdunryldqlw| ri vwdwh yduldeohv L| doorz xv wr fkdudfwhul}h wkh mrlqw suredelolw| glvwulexwlrq ri
wkh +f|c t| sdluv/ w@4/111/W/ jlyhq LA e|=
dEf|c t|$|$A mL
A
 o '
A\
|'
df|c t|mL|o +81;,
Sursrvlwlrq 814 ehorz surylghv wkh h{dfw uhodwlrqvkls ehwzhhq wkh vwdwh yduldeohv dqg htxl0
oleulxp sulfhv1
Sursrvlwlrq 814= Xqghu dvvxpswlrqv 814 dqg 815 zh kdyh=
| ' bEL||c 7| ' )EL|(|c
zkhuh bEL| dqg )EL| duh uhvshfwlyho| ghqhg e| =
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Wkhuhiruh/ wkh ixqfwlrqv bEc )E duh ghqhg rq U li wkhuh duh  vwdwh yduldeohv1 Pruhryhu/
wkh vwdwlrqdulw| surshuw| ri wkh L surfhvv wrjhwkhu zlwk dvvxpswlrqv 814/ 815 dqg d vxlwdeoh
vshflfdwlrq ri wkh ghqvlw| ixqfwlrq +619, doorz xv wr pdnh wkh surfhvv +fct , vwdwlrqdu| e|
d mxglflrxv fkrlfh ri wkh lqlwldo glvwulexwlrq ri +fct ,1 Lq wklv vhwwlqj/ d frqwudfwlrq pdsslqj
dujxphqw pd| eh dssolhg dv lq Oxfdv +4<:;, wr fkdudfwhul}h wkh ixqfwlrqv bE dqg )E df0
fruglqj wr sursrvlwlrq 8141 Lw vkrxog eh vwuhvvhg wkdw wklv iudphzrun lv pruh jhqhudo wkdq wkh
Oxfdv rqh ehfdxvh wkh vwdwh yduldeohv L| duh jlyhq e| d jhqhudo pxowlyduldwh Pdunryldq surfhvv
+zkloh d Pdunryldq glylghqg surfhvv lv wkh rqo| vwdwh yduldeoh lq Oxfdv +4<:;,,1 Xvlqj wkh
uhwxuq ghqlwlrq iru wkh pdunhw sruwirolr dqg dvvhw 7|/ zh fdq zulwh=
4<
uJ}|n ' uJ}
bEL|n n 
bEL|
nf|nc dqg +81<,
uJ}-|n ' uJ}
)EL|n n 
)EL|
n t|n
Khqfh/ wkh uhwxuq surfhvvhv +|nc -|n duh vwdwlrqdu| dv Lcf dqg t / exw/ frqwudu| wr wkh
vwrfkdvwlf vhwwlqj lq wkh Oxfdv +4<:;, hfrqrp|/ duh qrw Pdunryldq gxh wr wkh suhvhqfh ri
xqrevhuydeoh vwdwh yduldeohv L 1
Jlyhq wklv lqwhuwhpsrudo prgho zlwk odwhqw yduldeohv/ zh zloo vkrz krz vwdqgdug dvvhw sulf0
lqj prghov zloo dsshdu dv sduwlfxodu fdvhv xqghu vrph vshflf frqjxudwlrqv ri wkh vwrfkdvwlf
iudphzrun1 Lq sduwlfxodu/ zh zloo dqdo|}h wkh sulflqj ri erqgv/ vwrfnv dqg rswlrqv dqg vkrz
xqghu zklfk frqglwlrqv wkh xvxdo prghov vxfk dv wkh FDSP ru wkh Eodfn0Vfkrohv prgho duh
rewdlqhg1
8151 Uhylvlwlqj Dvvhw Sulflqj Wkhrulhv iru Erqgv/ Vwrfnv dqg Rswlrqv wkurxjk wkh
Ohyhudjh Hhfw
Lq wklv vhfwlrq/ zh lqwurgxfh dq dgglwlrqdo dvvxpswlrq rq wkh suredelolw| glvwulexwlrq ri wkh
ixqgdphqwdov f dqg t jlyhq wkh vwdwh yduldeohv L
Dvvxpswlrq 816=
f|n
t|n

mL |n|  C

6f|n
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
j2f|n jft |n
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2
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
c
zkhuh6f|n ' 6fEL |n 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2
fEL
|n
 c jft |n ' jft EL
|n
 c j
2
t |n '
j2fEL
|n
 1 Lq rwkhu zrugv/ wkhvh phdq dqg yduldqfh fryduldqfh ixqfwlrqv duh wlph0lqyduldqw
dqg phdvxudeoh ixqfwlrqv zlwk uhvshfw wr L |n| c zklfk lqfoxghv erwk L| dqg L|n
Wklv frqglwlrqdo qrupdolw| dvvxpswlrq doorzv iru vnhzqhvv dqg h{fhvv nxuwrvlv lq xqfrqgl0
wlrqdo uhwxuqv1 Lw lv dovr xvhixo iru uhfryhulqj dv d sduwlfxodu fdvh wkh Eodfn0Vfkrohv irupxod4<1
815141 Wkh Sulflqj ri Erqgv
Wkh sulfh ri d erqg gholyhulqj rqh xqlw ri wkh jrrg dw wlph W/ E|c A c lv jlyhq e| wkh iroorzlqj
irupxod=
E|c A  ' .|d hE|c A o +8143,
4<Lw fdq dovr eh dujxhg wkdw/ li rqh frqvlghuv wkdw wkh glvfuhwh0wlph lqwhuydo lv vrphzkdw duelwudu| dqg fdq
eh lqqlwho| vsolw/ orj0qrupdolw| +frqglwlrqdo rq vwdwh yduldeohv X, lv rewdlqhg dv d frqvhtxhqfh ri d vwdqgdug
fhqwudo olplw dujxphqw jlyhq wkh lqghshqghqfh ehwzhhq frqvhfxwlyh +[>\ , jlyhq X=
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zkhuh=
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 ' qEA3|@A| E i TEEk  A3[
'|
6fn n

2
Ek 2
A3[
'|
j2fnc
zlwk= @A| E '
TA3
'|
k
EnbELn
bEL 
l3

Wklv irupxod vkrzv krz wkh lqwhuhvw udwh ulvn lv frpshqvdwhg lq htxloleulxp/ dqg lq sduwlfxodu
krz wkh whup suhplxp lv uhodwhg wr suhihuhqfh sdudphwhuv1 Wr eh pruh h{solflw derxw wkh
uhodwlrqvkls ehwzhhq wkh whup suhplxp dqg wkh suhihuhqfh sdudphwhuv/ ohw xv uvw qrwlfh wkdw
zh kdyh d qdwxudo idfwrul}dwlrq=
hE|c A  ' A3\
'|
hEc  n  +8144,
Wkhuhiruh/ zkloh wkh glvfrxqw sdudphwhu q dhfw wkh ohyho ri wkh h/ wkh wzr rwkhu sdudphwhuv k
dqg  dhfw wkh whup suhplxp +zlwk uhvshfw wr wkh uhwxuq0wr0pdwxulw| h{shfwdwlrqv k|srwkhvlv/
Fr{/ Lqjhuvroo/ dqg Urvv +4<;4,, wkurxjk wkh udwlr=
E|c A 
.|
TA3
'| Ec  n 
'
.|E
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'|
hE c  n 
.|
TA3
'| .
hE c  n  
Wr ehwwhu xqghuvwdqg wklv whup suhplxp iurp dq hfrqrplf srlqw ri ylhz/ ohw xv frpsduh
lpsolflw iruzdug udwhv dqg h{shfwhg vsrw udwhv dw rqo| rqh lqwhuphgldu| shulrg ehwzhhq | dqg
A =
E|c A 
E|c 
'
.| hE|c  hE c A 
.| hE|c  ' .| hEc A  n J|d
hE|c c hEc A o
.| hE|c   +8145,
Xs wr Mhqvhq lqhtxdolw|/ htxdwlrq +8145, suryhv wkdw d srvlwlyh whup suhplxp lv eurxjkw derxw
e| d qhjdwlyh fryduldwlrq ehwzhhq suhvhqw dqg ixwxuh h1 Jlyhq wkh h{suhvvlrq iru hE|c A  deryh/
lw fdq eh vhhq wkdw iru yrq0Qhxpdq suhihuhqfhv + '  wkh whup suhplxp lv sursruwlrqdo wr wkh
vtxduh ri wkh frh!flhqw ri uhodwlyh ulvn dyhuvlrq +xs wr d frqglwlrqdo vwrfkdvwlf yrodwlolw| hhfw,1
Dqrwkhu lpsruwdqw revhuydwlrq lv wkdw hyhq zlwkrxw dq| ulvn dyhuvlrq +k ' c suhihuhqfhv vwloo
dhfw wkh whup suhplxp wkurxjk wkh qrq0lqglhuhqfh wr wkh wlplqj ri xqfhuwdlqw| uhvroxwlrq
+ 9' 
Wkhuh lv krzhyhu dq lpsruwdqw vxe0fdvh zkhuh wkh whup suhplxp zloo eh suhihuhqfh0iuhh
ehfdxvh wkh vwrfkdvwlf glvfrxqw idfwru hE|c A  frlqflghv zlwk wkh revhuyhg uroolqj0ryhu glvfrxqw
idfwru +wkh surgxfw ri vkruw0whup ixwxuh erqg sulfhv/ Ec  n /  ' |c c A ,1 Wdnlqj
htxdwlrq +8144, lqwr dffrxqw/ wklv zloo rffxu dv vrrq dv hE c  n ' E c  nc wkdw lv zkhqhE c  n  lv nqrzq dw wlph   Iurp wkh h{suhvvlrq ri hE|c A  deryh/ lw lv hdv| wr vhh wkdw
wklv odvw surshuw| vwdqgv li dqg rqo| li wkh phdq dqg yduldqfh sdudphwhuv 6fn dqg jfn
ghshqg rq L n rqo| wkurxjk L 
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Wklv doorzv xv wr kljkoljkw wkh vr0fdoohg ohyhudjh hhfw zklfk dsshduv zkhq wkh sured0
elolw| glvwulexwlrq ri +f|n jlyhq L |n| ghshqgv +wkurxjk wkh ixqfwlrqv 6fc j
2
f rq wkh frq0
whpsrudqhrxv ydoxh L|n ri wkh vwdwh surfhvv1 Rwkhuzlvh/ wkh qrq0fdxvdolw| dvvxpswlrq 815
fdq eh uhlqirufhg e| dvvxplqj qr lqvwdqwdqhrxv fdxvdolw| iurp f wr L 1
Lq wklv fdvh/ Ef|mLA  ' Ef|mL
|3
 ( lw lv wklv surshuw| zklfk hqvxuhv wkdw vkruw0whup
vwrfkdvwlf glvfrxqw idfwruv duh suhghwhuplqhg/ vr wkh erqg sulflqj irupxod ehfrphv suhihuhqfh0
iuhh=
E|c A  ' .|
A3\
'|
E c  n 
Ri frxuvh wklv grhv qrw qhfhvvdulo| fdqfho wkh whup suhplxpv exw lw pdnhv wkhp suhihuhqfh0iuhh
lq wkh vhqvh wkdw wkh uroh ri suhihuhqfh sdudphwhuv lv ixoo| klgghq lq vkruw0whup erqg sulfhv1
Pruhryhu/ zkhq wkhuh lv qr lqwhuhvw udwh ulvn ehfdxvh wkh frqvxpswlrq jurzwk udwhv f| duh llg/
lw lv vwudljkwiruzdug wr fkhfn wkdw frqvwdqw 6f|n dqg j2f|n lpso| frqvwdqw bE dqg lq wxuqhE|c A  ' E|c A c zlwk }hur whup suhplxpv1
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Xqghu frqglwlrqdo orj0qrupdolw| dvvxpswlrq 816/ zh rewdlq =
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 +8146,
Dv h{shfwhg/ wkh vwrfn sulfh lv h{suhvvhg dv wkh frqglwlrqdo h{shfwdwlrq ri lwv glvfrxqwhg
whuplqdo ydoxh/ zkhuh wkh vwrfkdvwlf glvfrxqw idfwru hE|c A  lv ulvn0dgmxvwhg e| d FDSP0
olnh whup i TEEk  
SA
'|n jft  Wklv whup dffrxqwv iru wkh fryduldqfh ulvn ehwzhhq wkh
vwrfn dqg wkh pdunhw sruwirolr +sursruwlrqdo wr wkh vwdqgdug FDSP ehwd ulvn,/ zhljkwhg e|
wkh frh!flhqw ri uhodwlyh ulvn dyhuvlrq1 Lq rwkhu zrugv/ wkh vshflf uroh ri wlph suhihuhqfh
sdudphwhuv q dqg  lv ixoo| hperglhg lq wkh vwrfkdvwlf glvfrxqw idfwru zklfk fkdudfwhul}hv wkh
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erqg htxdwlrq1 Wkh dgglwlrqdo ulvn suhplxp dvvrfldwhg zlwk wkh vwrfn lqyroyhv rqo| wkh ulvn
sdudphwhu k
Dqrwkhu xvhixo zd| ri zulwlqj wkh vwrfn sulflqj irupxod lv=
.| d'ft E|c A o ' c +8147,
zkhuh=
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Wr xqghuvwdqg wkh uroh ri wkh idfwru'ft E|c A c lw lv xvhixo wr qrwlfh wkdw lw fdq eh idfwrul}hg=
'ft E|c A  '
A3\
'|
'ft Ec  n c
dqg wkdw wkhuh lv dq lpsruwdqw sduwlfxodu fdvh zkhuh 'ft E c  n  lv nqrzq dw wlph  dqg
wkhuhiruh htxdo wr rqh e| +8147 ,1 Wklv lv zkhq wkhuh lv qr ohyhudjh hhfw lq wkh vhqvh wkdw
Ef|c t|mL
A
  ' Ef|c t|mL
|3
  Wklv phdqv wkdw qrw rqo| wkhuh lv qr ohyhudjh hhfw qhlwkhu iru
f qru iru t / exw dovr wkdw wkh lqvwdqwdqhrxv fryduldqfh jft | lwvhoi grhv qrw ghshqg rq L| Lq
wklv fdvh/ zh kdyh 'ft E|c A  '  Vlqfh zh dovr kdyh hE c  n ' Ec  nc zh fdq h{suhvv
wkh frqglwlrqdo h{shfwhg vwrfn uhwxuq dv=
.

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
Iru sulflqj ryhu rqh shulrg +| wr | n c wklv irupxod surylghv wkh djhqw*v h{shfwdwlrq ri wkh
qh{w shulrg uhwxuq +vlqfh lq wklv fdvh wkh rqo| uhohydqw lqirupdwlrq lv L |,=
.

7|n
7|
mL |
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'
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i TdE kjft |no
Wklv lv d sduwlfxoduo| vwulnlqj uhvxow vlqfh lw lv yhu| forvh wr d vwdqgdug frqglwlrqdo FDSP
htxdwlrq +dqg xqfrqglwlrqdo lq dq llg zruog,/ zklfk uhpdlqv wuxh iru dq| ydoxh ri wkh suhihuhqfh
sdudphwhuv k dqg 4Zkloh Hsvwhlq dqg ]lq +4<<4, hpskdvl}h wkdw wkh FDSP rewdlqv iru k ' f
+orjdulwkplf xwlolw|, ru 4 '  +lqqlwh hodvwlflw| ri lqwhuwhpsrudo vxevwlwxwlrq,/ zh vwuhvv khuh
wkdw wkh uhodwlrq lv rewdlqhg xqghu d sduwlfxodu vwrfkdvwlf vhwwlqj iru dq| ydoxhv ri k dqg
41 Uhpdundeo|/ wkh vwrfkdvwlf vhwwlqj zlwkrxw ohyhudjh hhfw zklfk surgxfhv wklv FDSP
uhodwlrqvkls zloo dovr surgxfh prvw vwdqgdug rswlrq sulflqj prghov +iru h{dpsoh Eodfn dqg
Vfkrohv +4<:6, dqg Kxoo dqg Zklwh +4<;:,,/ zklfk duh ri frxuvh suhihuhqfh0iuhh531
53D vlplodu sdudooho lv gudzq lq dq xqfrqglwlrqdo wzr0shulrg iudphzrun lq Euhhghq dqg Olw}hqehujhu +4<:;,1
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815161 D Jhqhudol}hg Rswlrq Sulflqj Irupxod
Wkh Hxohu frqglwlrq iru wkh sulfh ri d Hxurshdq rswlrq lv jlyhq e|=
Z| ' .|
%
qEA3|

A
|
k3 A3\
'|

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n 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 
3
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 +8149,
Lw lv zruwk qrwlqj wkdw wkh rswlrq sulflqj irupxod +8149, lv sdwk0ghshqghqw zlwk uhvshfw wr
wkh vwdwh yduldeohv> lw ghshqgv qrw rqo| rq wkh lqlwldo dqg whuplqdo ydoxhv ri wkh surfhvv L| exw
dovr rq lwv lqwhuphgldwh ydoxhv541 Lqghhg/ lw lv qrw vr vxusulvlqj wkdw zkhq suhihuhqfhv duh qrw
wlph0vhsdudeoh + 9' / wkh rswlrq sulfh pd| ghshqg rq wkh zkroh sdvw ri wkh vwdwh yduldeohv1
Xvlqj dvvxpswlrqv 814 wr 816/ zh duulyh dw dq h{whqghg Eodfn0Vfkrohv irupxod=
Z|
7|
' .|
+
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xE_
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xE_2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Wr sxw wklv jhqhudo irupxod lq shuvshfwlyh/ zh zloo frpsduh lw wr wkh wkuhh pdlq dssurdfkhv
wkdw kdyh ehhq xvhg iru sulflqj rswlrqv= htxloleulxp rswlrq sulflqj/ duelwudjh0edvhg rswlrq
sulflqj/ dqg JDUFK rswlrq sulflqj1 Wkh odwwhu sulflqj prgho fdq eh vhw hlwkhu lq dq htxl0
oleulxp iudphzrun ru lq dq duelwudjh iudphzrun1 Frqfhuqlqj wkh htxloleulxp dssurdfk/ rxu
vhwwlqj lv pruh jhqhudo wkdq wkh xvxdo h{shfwhg xwlolw| iudphzrun vlqfh lw dffrpprgdwhv qrq0
vhsdudeoh suhihuhqfhv1 Wkh vwrfkdvwlf iudphzrun zlwk odwhqw yduldeohv frxog dovr dffrpprgdwh
vwdwh0ghshqghqw suhihuhqfhv vxfk dv kdelw irupdwlrq edvhg rq vwdwh yduldeohv1
Ri frxuvh/ wkh prvw srsxodu rswlrq sulflqj irupxodv dprqj sudfwlwlrqhuv duh edvhg rq duel0
wudjh udwkhu wkdq rq htxloleulxp lq rughu wr dyrlg lq sduwlfxodu wkh vshflfdwlrq ri suhihuhqfhv1
Iurp wkh vwduw/ lw vkrxog eh vwuhvvhg wkdw rxu jhqhudo irupxod +814:, qhvwv d odujh qxpehu ri
suhihuhqfh0iuhh h{whqvlrqv ri wkh Eodfn0Vfkrohv irupxod1 Lq sduwlfxodu li 'ft E|c A  '  dqghE|c A  'TA3'| E c  nc rqh fdq vhh wkdw wkh rswlrq sulfh +814:, lv qrwklqj exw wkh frqgl0
wlrqdo h{shfwdwlrq ri wkh Eodfn0Vfkrohv sulfh/ zkhuh wkh h{shfwdwlrq lv frpsxwhg zlwk uhvshfw wr
wkh mrlqw suredelolw| glvwulexwlrq ri wkh uroolqj0ryhu lqwhuhvw udwh o|cA ' 
SA3
'| *L}E c  n
54Vlqfh zh dvvxph wkdw wkh vwdwh yduldeoh surfhvv lv Pdunryldq/ +XW
4
,grhv qrw ghshqg rq wkh zkroh sdwk
ri vwdwh yduldeohv exw rqo| rq wkh odvw ydoxhv XW =
57
dqg wkh fxpxodwhg yrodwlolw| j|cA '
tSA
'|n j
2
t   Wklv iudphzrun qhvwv wkuhh zhoo0nqrzq
prghov1 Iluvw/ wkh prvw edvlf rqhv/ wkh Eodfn dqg Vfkrohv +4<:6, dqg Phuwrq +4<:6, irupx0
odv/ zkhq lqwhuhvw udwhv dqg yrodwlolw| duh ghwhuplqlvwlf1 Vhfrqg/ wkh Kxoo dqg Zklwh +4<;:,
vwrfkdvwlf yrodwlolw| h{whqvlrq/ vlqfh j2|cA ' T @o
k
*L} 7A
7|
mLA
l
fruuhvsrqgv wr wkh fxpxodwhg
yrodwlolw|
U A
|
j2_ lq wkh Kxoo dqg Zklwh frqwlqxrxv0wlph vhwwlqj
55 Wklug/ wkh irupxod doorzv
iru vwrfkdvwlf lqwhuhvw udwhv dv lq Wxuqexoo dqg Ploqh +4<<4, dqg Dplq dqg Mduurz +4<<5,1
Krzhyhu/ wkh xvhixoqhvv ri rxu jhqhudo irupxod +814:, frphv deryh doo iurp wkh idfw wkdw lw
rhuv dq h{solflw fkdudfwhul}dwlrq ri lqvwdqfhv zkhuh wkh suhihuhqfh0iuhh sdudgljp fdqqrw eh
pdlqwdlqhg1 Xvxdoo|/ suhihuhqfh0iuhh rswlrq sulflqj lv xqghuslqqhg e| wkh devhqfh ri duel0
wudjh lq d frpsohwh pdunhw vhwwlqj1 Krzhyhu/ rxu htxloleulxp0edvhg rswlrq sulflqj grhv qrw
suhfoxgh lqfrpsohwhqhvv dqg srlqwv rxw lq zklfk fdvhv wklv lqfrpsohwhqhvv zloo lqydolgdwh wkh
suhihuhqfh0iuhh sdudgljp1 Wkh rqo| fdvhv ri lqfrpsohwhqhvv zklfk pdwwhu lq wklv uhvshfw rffxu
suhflvho| zkhq dw ohdvw rqh ri wkh wzr iroorzlqj frqglwlrqv=
'ft E|c A  '  +814;,
hE|c A  ' A3\
'|
E c  n  +814<,
lv qrw ixooohg1
Lq jhqhudo/ suhihuhqfh sdudphwhuv dsshdu h{solflwo| lq wkh rswlrq sulflqj irupxod wkurxjkhE|c A  dqg 'ft E|c A  Krzhyhu/ lq vr0fdoohg suhihuhqfh0iuhh irupxodv/ lw kdsshqv wkdw wkhvh
sdudphwhuv duh holplqdwhg iurp wkh rswlrq sulflqj irupxod wkurxjk wkh revhuydwlrq ri wkh erqg
sulfh dqg wkh vwrfn sulfh1 Lq rwkhu zrugv/ hyhq lq dq htxloleulxp iudphzrun zlwk lqfrpsohwh
pdunhwv/ rswlrq sulflqj lv suhihuhqfh0iuhh li dqg rqo| li wkhuh lv qr ohyhudjh hhfw lq wkh jhqhudo
vhqvh wkdw 'ft E|c |n  dqg hE|c |n  duh suhghwhuplqhg1 Wklv uhvxow jhqhudol}hv Dplq dqg
Qj +4<<6d,/ zkr fdoohg wklv hhfw suhglfwdelolw|1
Lw lv zruwk qrwlqj wkdw rxu uhvxowv ri htxlydohqfh ehwzhhq suhihuhqfh0iuhh rswlrq sulflqj
dqg qr lqvwdqwdqhrxv fdxvdolw| ehwzhhq vwdwh yduldeohv dqg dvvhw uhwxuqv duh frqvlvwhqw zlwk
dqrwkhu vwudqg ri wkh rswlrq sulflqj olwhudwxuh/ qdpho| JDUFK rswlrq sulflqj1 Gxdq +4<<8,
ghulyhg lw uvw lq dq htxloleulxp iudphzrun/ exw Ndoovhq dqg Wdttx +4<<;, kdyh vkrzq wkdw
lw frxog eh rewdlqhg zlwk dq duelwudjh dujxphqw1 Wkhlu lghd lv wr frpsohwh wkh pdunhwv e|
lqvhuwlqj wkh glvfuhwh0wlph prgho lqwr d frqwlqxrxv wlph rqh/ zkhuh frqglwlrqdo yduldqfh lv
frqvwdqw ehwzhhq wzr lqwhjhu gdwhv1 Wkh| vkrz wkdw vxfk d frqwlqxrxv0wlph hpehgglqj pdnhv
srvvleoh duelwudjh sulflqj zklfk lv shu vh suhihuhqfh0iuhh1 Lw lv wkhq fohdu wkdw suhihuhqfh0iuhh
55Vhh vxevhfwlrq 816 iru d ghwdlohg frpsdulvrq ehwzhhq vwdqgdug vwrfkdvwlf yrodwlolw| prghov dqg rxu vwdwh
yduldeoh iudphzrun1
58
rswlrq sulflqj lv lqfrpsdwleoh zlwk wkh suhvhqfh ri dq lqvwdqwdqhrxv fdxvdolw| hhfw/ vlqfh lw
lv vxfk dq hhfw wkdw suhyhqwv wkh hpehgglqj xvhg e| Ndoovhq dqg Wdttx +4<<7,1
8161 D Frpsdulvrq zlwk Vwrfkdvwlf Yrodwlolw| Prghov
Wkh w|slfdo vwrfkdvwlf yrodwlolw| prgho +VY prgho khuhdiwhu, lqwurgxfhv d srvlwlyh vwrfkdvwlf
surfhvv vxfk wkdw lwv vtxduhg ydoxh | uhsuhvhqwv wkh frqglwlrqdo yduldqfh ri wkh ydoxh dw wlph
E|n ri d vhfrqg0rughu vwdwlrqdu| surfhvv ri lqwhuhvw/ jlyhq d frqglwlrqlqj lqirupdwlrq vhw a|
Lq rxu vhwwlqj/ lw lv qdwxudo wr ghqh wkh frqglwlrqlqj lqirupdwlrq vhw a| e| +81;,1 Lw phdqv wkdw
wkh lqirupdwlrq dydlodeoh dw wlph w lv qrw vxppdul}hg lq jhqhudo e| wkh revhuydwlrq ri sdvw dqg
fxuuhqw ydoxhv ri dvvhw sulfhv/ vlqfh lw dovr hqfrpsdvvhv dgglwlrqdo lqirupdwlrq wkurxjk vwdwh
yduldeohv L| Vxfk d ghqlwlrq lv frqvlvwhqw zlwk wkh prghuq ghqlwlrq ri VY surfhvvhv +vhh
Jk|vhov/ Kduyh| dqg Uhqdxow/ 4<<:/ iru d vxuyh|,1 Lw lqfrusrudwhv xqrevhuyhg frpsrqhqwv wkdw
pljkw fdswxuh zhoo0grfxphqwhg hylghqfh derxw frqglwlrqdo ohswrnxuwrvlv dqg ohyhudjh hhfwv
ri dvvhw uhwxuqv +jlyhq sdvw dqg fxuuhqw uhwxuqv,1 Pruhryhu/ vxfk xqrevhuyhg frpsrqhqwv duh
lqfoxghg lq wkh uhohydqw frqglwlrqlqj lqirupdwlrq vhw iru rswlrq sulflqj prghov dv lq Kxoo dqg
Zklwh +4<;:,1 Wkh irfxv ri lqwhuhvw lq wklv vxevhfwlrq duh wkh wlph vhulhv surshuwlhv ri dvvhw
uhwxuqv lpsolhg e| wkh g|qdplf dvvhw sulflqj prgho suhvhqwhg lq vhfwlrq 8141 Wkhvh wlph vhulhv
ri uhwxuqv fdq eh vhhq dv vwrfkdvwlf yrodwlolw| surfhvvhv e| dvvxpswlrq 816 rq wkh frqglwlrqdo
suredelolw| glvwulexwlrq ri wkh ixqgdphqwdov Ef|nc t|n jlyhq a| Zh irfxv rq Ef|nc t|n
lqvwhdg ri dvvhw uhwxuqv vlqfh/ e| +81<,/ wkh mrlqw frqglwlrqdo suredelolw| glvwulexwlrq +jlyhq
L |n  ri uhwxuqv iru wkh wzr sulplwlyh dvvhwv lv ghqhg e| dvvxpswlrq 816 xs wr d vkliw lq wkh
phdq1
Ohw xv uvw frqvlghu wkh xqlyduldwh g|qdplfv lq whupv ri wkh lqqrydwlrq surfhvv #t|n ri
t|n zlwk uhvshfw wr a| ghqhg dv=
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Wkh dvvrfldwhg yrodwlolw| dqg nxuwrvlv g|qdplfv duh wkhq fkdudfwhul}hg e|=
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Dv idu dv nxuwrvlv lv frqfhuqhg/ htxdwlrqv +8154, dqg +8155, surylgh d uhsuhvhqwdwlrq ri
wkh idw0wdlo hhfw dqg lwv g|qdplfv/ vrphwlphv whuphg khwhurnxuwrvlv hhfw1 Wklv h{whqgv wkh
uhsuhvhqwdwlrq ri wkh vwdqgdug pl{wxuh prgho/ uvw lqwurgxfhg e| Fodun +4<:6, dqg h{whqghg
e| Jdoodqw/ Kvlhk dqg Wdxfkhq +4<<4,1 Lqghhg/ lq wkh sduwlfxodu fdvh zkhuh=
T @od6t EL
|n
 mL
|
o ' fc +8156,
zh jhw wkh iroorzlqj h{suhvvlrq56 iru wkh frqglwlrqdo nxuwrvlv frh!flhqw=
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Wklv h{suhvvlrq hpskdvl}hv wkdw wkh frqglwlrqdo qrupdolw| dvvxpswlrq grhv qrw suhfoxgh
frqglwlrqdo ohswrnxuwrvlv zlwk uhvshfw wr d vpdoohu vhw ri frqglwlrqlqj lqirupdwlrq1 Lw vkrxog
eh hpskdvl}hg wkdw irupxod +8157, doorzv iru hyhq pruh ohswrnxuwrvlv wkdq wkh vwdqgdug iru0
pxod vlqfh wkh suredelolw| glvwulexwlrqv frqvlghuhg duh vwloo frqglwlrqhg rq d odujh lqirupdwlrq
vhw/ lqfoxglqj srvvleo| xqrevhuyhg frpsrqhqwv1 Dq dgglwlrqdo surmhfwlrq rq wkh uhgxfhg lq0
irupdwlrq vhw ghqhg e| sdvw dqg fxuuhqw ydoxhv ri revhuyhg dvvhw uhwxuqv zloo lqfuhdvh wkh
nxuwrvlv frh!flhqw1 Lq rwkhu zrugv/ rxu prgho doorzv iru lqqrydwlrq whupv lq dvvhw uhwxuqv
wkdw/ hyhq vwdqgdugl}hg e| d jhqxlqh vwrfkdvwlf yrodwlolw| +lqfoxglqj d pl{wxuh hhfw,/ duh vwloo
ohswrnxuwlf1 Pruhryhu/ frqglwlrq +8156, lv olnho| qrw wr krog/ surylglqj dq dgglwlrqdo ghjuhh
ri iuhhgrp lq rxu uhsuhvhqwdwlrq ri nxuwrvlv g|qdplfv1 Li zh frqvlghu wkh vwrfn uhwxuq lwvhoi
lqvwhdg ri wkh glylghqg jurzwk/ wkh ylrodwlrq ri +8156, lv hyhq pruh olnho| vlqfh 6t EL |n  lv
wr eh uhsodfhg e| wkh h{shfwhg uhwxuq 6t EL |n  n
)EL|n


)EL|


 Frqglwlrq +8156, zloo eh ylrodwhg
zkhq wklv h{shfwhg uhwxuq zloo glhu iurp lwv h{shfwhg ydoxh frpsxwhg e| lqyhvwruv dffruglqj
wr rxu htxloleulxp dvvhw sulflqj prgho/ wkdw lv .d6t EL |n  n
)EL|n


)EL|


mL |o Zh zloo vkrz qrz
wkdw lw lv suhflvho| wklv glhuhqfh zklfk fdq surgxfh d jhqxlqh ohyhudjh hhfw lq vwrfn uhwxuqv/
dv ghqhg e| Eodfn +4<:9, dqg Qhovrq +4<<4, iru frqglwlrqdoo| khwhurvfhgdvwlf uhwxuqv571 Wklv
mxvwlhv d srvwhulrul wkh xvh ri wkh h{suhvvlrq ohyhudjh hhfw lq Vhfwlrq 815 wr dffrxqw iru wkh
idfw wkdw wkh suredelolw| glvwulexwlrq ri Ef|nc t|n jlyhq L |n ghshqgv +wkurxjk wkh ixqfwlrqv
6fc6t c jfc jt dqg jft , rq wkh frqwhpsrudqhrxv ydoxh L|n ri wkh vwdwh surfhvv581
56Lw fruuhvsrqgv wr wkh irupxod jlyhq e| Jdoodqw/ Kvlhk dqg Wdxfkhq +4<<4, rq sdjh 5371
57Zh zloo frqgxfw wkh glvfxvvlrq ehorz lq whupv ri p\ +X
w.4
4 , exw lw frxog eh uhlqwhusuhwhg lq whupv ri
p\ +X
w.4
4 , .
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58Wkh nh| srlqw lv wkdw wkh phdq ixqfwlrqv p[+X
w.4
4 , dqg p\ +X
w.4
4 , ghshqg rq Xw.4= Krzhyhu/ li wkhvh
ixqfwlrqv duh uhsodfhg e| wkh vkliwhg frqglwlrqdo h{shfwdwlrqv iru dvvhw uhwxuqv dffruglqj wr +81<,/ wkh ixqfwlrqv
5:
Dffruglqj wr wkh vwdqgdug whuplqrorj|/ wkh vwrfkdvwlf yrodwlolw| glylghqg surfhvv h{klelwv
d ohyhudjh hhfw li dqg rqo| li=
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Eduulqj wkh uhvwulfwlrq +8156,/ li 6t EL |n  lv wuxo| d ixqfwlrq ri L|nc wkh frqglwlrq lq
+8159, dprxqwv wr wkh qhjdwlylw| ri wkh vxp ri wzr whupv=
Jd6t EL
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Lq rwkhu zrugv/ wkh ohyhudjh hhfw ri wkh vwrfkdvwlf yrodwlolw| surfhvv t|n fdq eh surgxfhg
e| dq| ri wkh wzr iroorzlqj ohyhudjh hhfwv ru erwk591 Wkh frqglwlrqdo phdq surfhvv 6t EL |n 
pd| eh d vwrfkdvwlf yrodwlolw| surfhvv zklfk ihdwxuhv d ohyhudjh hhfw ghqhg e| wkh qhjdwlylw|
ri +815:,1 Ru wkh surfhvv t|n lwvhoi pd| eh fkdudfwhul}hg e| d ohyhudjh hhfw dqg wkhq +815;, eh
qhjdwlyh/ zklfk phdqv wkdw edg qhzv derxw h{shfwhg uhwxuqv +zkhq 6t EL |n  lv vpdoohu wkdq
lwv xqfrqglwlrqdo h{shfwdwlrqv, lpso| lq dyhudjh d kljkhu h{shfwhg yrodwlolw| ri tc wkdw lv d ydoxh
ri .dj2
t
EL |n2 mL
|n
 o juhdwhu wkdq lwv xqfrqglwlrqdo phdq1 Wr vxppdul}h/ Dvvxpswlrq 816 qrw
rqo| doorzv wr fdswxuh wkh vwdqgdug ihdwxuhv ri d vwrfkdvwlf yrodwlolw| prgho +lq whupv ri khdy|
wdlov dqg ohyhudjh hhfwv, exw dovr surylghv iru d ulfkhu vhw ri srvvleoh g|qdplfv1 Pruhryhu/
zh fdq fhuwdlqo| h{whqg wkhvh lghdv wr pxowlyduldwh g|qdplfv hlwkhu iru wkh mrlqw ehkdylru ri
pdunhw dqg vwrfn uhwxuqv ru iru dq| sruwirolr frqvlghudwlrq1 Iru lqvwdqfh/ wkh ghshqghqfh ri
jft EL
|n
  rq wkh zkroh vhw ri vwdwh yduldeohv rhuv juhdw  h{lelolw| wr prgho wkh vwrfkdvwlf
ehkdylru ri fruuhodwlrq frh!flhqwv/ dv uhfhqwo| sxw iruzdug hpslulfdoo| e| Dqghuvhq hw do1
+4<<<,1 Wklv odvw ihdwxuh lv fohduo| kljko| uhohydqw iru dvvhw doorfdwlrq ru frqglwlrqdo ehwd
sulflqj prghov1
91 Frqfoxvlrq
Lq wklv sdshu/ zh surylghg d xqli|lqj dqdo|vlv ri odwhqw yduldeoh prghov lq qdqfh wkurxjk
wkh frqfhsw ri vwrfkdvwlf glvfrxqw idfwru +VGI,1 Zh h{whqghg erwk wkh dvvhw sulflqj idfwru
prghov dqg wkh htxloleulxp g|qdplf dvvhw sulflqj prghov wkurxjk d frqglwlrqlqj rq vwdwh
yduldeohv1 Wklv frqglwlrqlqj hqulfkhv wkh g|qdplfv ri dvvhw uhwxuqv wkurxjk lqvwdqwdqhrxv
[+X
w.4
4 ,> \ +X
w.4
4 , dqg [\ +X
w.4
4 , zloo eh uhlqwurgxfhg lq wkhvh h{shfwhg uhwxuqv wkurxjk wkh ixqfwlrqv
+X w.4
4
, dqg *+X w.4
4
, ghqhg e| Sursrvlwlrq 8141
59Wklv ghfrpsrvlwlrq ri wkh ohyhudjh hhfw lq wzr whupv lv wkh h{dfw dqdorjxh ri wkh ghfrpsrvlwlrq glvfxvvhg
lq Ilruhqwlql dqg Vhqwdqd +4<<;, dqg Phggdkl +4<<<, iru shuvlvwhqfh1
5;
fdxvdolw| ehwzhhq wkh dvvhw uhwxuqv dqg wkh odwhqw yduldeohv1 Vxfk fruuhodwlrq ru ohyhudjh
hhfwv h{sodlq ghsduwxuhv iurp xvxdo FDSP sulflqj iru vwrfnv ru Eodfn dqg Vfkrohv dqg Kxoo
dqgZklwh sulflqj iru rswlrqv1 Wkh ghshqghqfh ri frqglwlrqdo fryduldqfhv rq wkh vwdwh yduldeohv
doorzv iru d ulfk g|qdplf vwrfkdvwlf ehkdylru ri fruuhodwlrq frh!flhqwv zklfk lv lpsruwdqw iru
dvvhw doorfdwlrq ru ydoxh0dw0ulvn vwudwhjlhv1
Wkh hqulfkhg vhw ri hpslulfdo lpsolfdwlrqv iurp vxfk g|qdplf odwhqw yduldeoh prghov uh0
txluhv wr vhw xs d jhqhudo lqihuhqfh phwkrgrorj| zklfk zloo dffrxqw iru wkh lqrevhuydelolw|
ri erwk furvv0vhfwlrqdo idfwruv dqg orqjlwxglqdo odwhqw yduldeohv1 Lqgluhfw lqihuhqfh/ h!flhqw
phwkrg ri prphqwv ru Pdunry fkdlq Prqwh Fduor +PFPF, iru Ed|hvldq lqihuhqfh duh doo dy0
hqxhv wkdw fdq suryh xvhixo lq wklv frqwh{w/ vlqfh wkh| kdyh ehhq xvhg vxffhvvixoo| lq vwrfkdvwlf
yrodwlolw| prghov1
5<
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